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Boltzmann-Gibbs statistical mechanics, based on the additive BG entropy, exhibits various isomorphisms

with random systems, e.g., the Kasteleyn-Fortuin theorem for bond percolation, the de Gennes isomorphism

for self-avoiding random walk, equivalence with random networks of impedances. Similarly, nonextensive

statistical mechanics, based on the nonadditive entropy Sq, is connected (see [1-3] and references therein)

with the so-called (asymptotically) scale-free random networks. We present here a computational study

[3] of one such d-dimensional geographic model with a preferential-attachment probability decaying like

1/distance↵A (↵A � 0) with links weighted through the distribution P (w) / e�(w/w0)
⌘

(w0 > 0, ⌘ > 0). We

exhibit that the distributions of energy ✏ are very satisfactorily fitted by q-exponentials e
��q ✏
q ⌘ 1/[1 + (q �

1)�q ✏]1/(q�1)
(q � 1, �q > 0), which optimize the entropy Sq under simple constraints. In Fig. 1 we illustrate

the model, the quality of the fittings, and the ↵/d-dependence of (q,�q). Notice that the dependences on

(↵A, d) only act through the ratio ↵A/d, and that the entropic index q does not depend on (⌘, w0), thus

characterizing universality classes.

Figura 1: Left: Model. Center: Energy distributions fitted by q-exponentials. Right: (q,�q) parameters as functions of

(↵/d).
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Imagined activities could actually be a cognitive basis for creative thinking. However, it is still unknown
how they might be related with the architecture of the brain. A recent study has proved the relevance of
the imagined activity when investigating neuronal diseases by comparing variations in the neuronal activity
of patients with brain diseases and healthy subjects. One important aspect of the scientific methodologies
focused on neuronal diseases is therefore to provide a trustablemethodology that could allow us to distinguish
between realized and imagined activities in the brain. The electroencephalogram is the result of synchronized
action of the cerebrum, and our end is portraying the network dynamics through the neuronal responses when
the subjects perform visuomotor and specific imaginary assignments. We use a subtle information theoretical
approach accounting for the time causality of the signal and the closeness centrality of the di↵erent nodes.
More specifically we perform estimations of the probability distribution of the data associated to each node
using the Bandt and Pompe approach to account for the causality of the electroencephalographic signals. We
calculate the Jensen-Shannon distance across di↵erent nodes, and then we quantify how fast the information
flow would be through a given node to other nodes computing the closeness centrality.We performa statistical
analysis to compare the closeness centrality considering the di↵erent rhythmic oscillation bands for each node
taking into account imagined and visuomotor tasks. Our discoveries stress the pertinence of the alpha band
while performing and distinguishing the specific imaginary or visuomotor assignments.
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The Earth system is a very complex and dynamical one basing on various feedbacks. This makes predictions

and risk analysis even of very strong (sometime extreme) events as floods, landslides, heatwaves, earthquakes

etc. a challenging task. After introducing physical models for weather forecast already in 1922 by Richardson,

a strong problem has been the understanding of basic physical mechanisms and exploring anthropogenic

influences on climate. In 2021 Hasselmann and Manabe got the Physics Nobel Price for their pioneering

works on this. I will shortly review their main contributions. Next, I will introduce a recently developed

approach via complex networks mainly to analyze strong climate events. This leads to an inverse problem: Is

there a backbone-like structure underlying the climate system? For this we propose a method to reconstruct

and analyze a complex network from observational and reanalysis data. This approach enables us to uncover

relations to global and regional circulation patterns in oceans and atmosphere, which leads to construct

substantially better predictions, in particular of the onset of the Indian Summer Monsoon and El Niño.
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Introduction

Physics intends to understand our environment. The classical approach, the approach which is usually taught

at school, and the one which most people may be familiar with, is to model physical systems by means of

some equations and, given certain initial conditions, find the trajectory. Cars moving in a highway, balls

falling from a given height, or masses attached to springs, are typical problems that may be solved this way,

and may even represent the image of Physics many people has by the end of high-school years.

But, what if the system has so many particles that finding individual trajectories is impractical or even

useless? What if correlations between particles turn the problem into an unsolvable set of equations? And if

initial conditions are not exactly known, and small changes in them yield completely di↵erent results?

These issues lead us to the rich universe of statistical physics, nonlinear physics, chaos, and complexity.

Concepts that have enlarged the fields of interest of Physics, pushing it into the realm of interdisciplinary

research. In this talk, we will explore some of the consequences of this, and what Physics has to tell us about

rabbits, coast lines, weather, and co↵ee. What Statistical Physics has to do with us.
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Introduction

Over the past 20 years, researchers have tried to construct a macroscopic theory of nonequilibrium steady

states (NESS) analogous to equilibrium thermodynamics. I shall describe an approach based on the definition

of intensive parameters such as temperature and chemical potential for NESS via coexistence with reservoirs

[1]. This program has enjoyed some success in predicting the properties of initially isolated systems when

brought into contact. Nevertheless, consistent treatment of nonuniform systems, including coexisting phases,

appears to be beyond the scope of the theory [2,3]. This talk will review these issues, as well as questions about

a nonequilibrium entropy function, and reservoir equivalence, in the context of stochastic lattice models [4].

Our results suggest that the thermodynamics of NESS is far more limited than that of equilibrium systems.
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†rbenguri@uc.cl ⇤mcdepass@uc.cl,

Summary
The propagation of reaction di↵usion fronts in a system with a free boundary is a topic of current interest

since it constitutes a more accurate model of physical and biological problems where a clear position for
the advancing front, be it a flame, population or temperature, can be observed. In contrast, in the classical
Fisher type reaction di↵usion problems the front extends to infinity for all t > 0. In this work we study a
moving boundary with Stefan boundary conditions and use a variational approach to determine the speed of
the advancing front. Our results are valid for general monostable and combustion reaction terms.

The problem
We study the reaction di↵usion equation in one dimension with Stefan boundary conditions,

ut = uxx + f(u) with f(0) = f(1) = 0,

ux(0, t) = 0, u(L(t), t) = 0,
dL(t)

dt
= �ux(L(t), t),

(1)

where L(t) is the free boundary and subscripts denote derivatives with respect to the independent variables
x and t. The reaction term is either monostable or of combustion type. It has been shown that depending
on the initial conditions L(t = 0) and u(x, 0) the perturbation may spread and gradually invade the space or
may die away. In the spreading regime there is a unique traveling wave solution u(x, t) = q(x� ct) [1,2]. The
problem we address here is the determination of the speed of a spreading front as a function of the reaction
term and of the Stefan parameter . Spreading traveling wave solutions u(x, t) = q(x � ct) correspond to
solutions of the ordinary di↵erential equation

qzz + cqz + f(q) = 0, with q(�1) = 1, q(0) = 0, qz(0) = �c/

where z = x� ct.
We show that the speed c of the front can be obtained by means of a variational principle. In addition

to provide a method to estimate the speed as accurately as desired, the variational principle allows to study
the dependence of the speed on the parameters of the problem and to establish upper and lower bounds for
the speed of general validity. For example, we show that



+ 1
cZFK  c  

+ 1
c0 where cZFK =

s

2

Z 1

0
f(u)du

is the Zeldovich Frank-Kamenetskii speed and c0 is the speed of the front in the classical case. It follows
from this inequality that ĺım!0 c = 0 and ĺım!1 c = c0. Recent work [3] has considered the case of density
dependent reaction, our results can be extended to this problem as well.
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Abstract

Quantitative Geometrical Thermodynamics (QGT) has recently emerged as an important new entropic or-
ganising principle able to describe and explain many natural phenomena [1,2]. In particular, QGT provides
a quantitative analytical framework for the role of entropy in dynamically shaping many natural struc-
tures and processes, from spiral galaxies at cosmic scales down to sub-atomic nuclei at the microscopic
scale [3]. We have previously shown [1] that certain holomorphic geometries can be represented by en-
tropic Lagrangian/Hamiltonian formulations that correctly obey the Cauchy-Riemann relations in hyperbolic
Minkowski spacetime, and which underpin the Principle of Least Exertion (PLE) described by a variational
calculus using the Euler-Lagrange equations. The PLE is isomorphic and complementary to the kinematic
Principle of Least Action, where “exertion” is the path integral of the entropic Lagrangian that is quantized
by the Boltzmann constant kB ; that is to say, exertion is isomorphic to “action”, which is the path integral
of the kinematic Lagrangian based on the Planck constant ~.

Jaynes proposed his concept of Maximum Caliber (MaxCal) in 1980 [4,5], based on variational and
maximum entropy (MaxEnt) principles. Unfortunately, Jaynes was only able to provide an outline sketch for
his theory, since he considered the Maximum Caliber principle to be: “. . . probably beyond our mathematical
ability to do the indicated calculations explicitly for any really nontrivial problem; that is perhaps a task for
the computers of the next Century.” However, it has become clear that there is a straightforward analytic
demonstration in QGT of MaxCal’s validity. Recent years has seen a resurgence of interest in Jaynes’ MaxCal
ideas, with a recent overview by Pressé et al. [6] and application of Maximum Caliber theory to systems
near and far from equilibrium [7,8]. Interestingly, Pressé et al. [6] also suggest that the MaxCal quantity
should be relativistically invariant. Clearly, such a requirement di↵ers from conventional entropic definitions,
but accords with our recent coordinate invariant identification of the entropy production Ṡ = @S/@t as the
product of the entropic Hamiltonian p0 and the speed of light, such that Ṡ = cp0 [9]. We now demonstrate that
the varying part of the caliber C is proportional to what we have previously defined as the entropic exertion
X, with the coe�cient of proportionality being the entropic mass mS : C = �X/mS . Since the exertion
is simply the path integral of the entropic Lagrangian LS , with its variation given by �X = �(

R
LSdx) = 0

is clear that Jaynes was correct when he wrote [5]: “The caliber of a space-time process thus appears as the
fundamental quantity that “presides over” the theory of irreversible processes in much the same way that the
Lagrangian presides over mechanics.”
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Introduction
We study a fractional version of the 1D and 2D discrete nonlinear Schrodinger (DNLS) equation, where

the usual discrete Laplacian is replaced by its fractional form that depends on a fractional exponent s that

interpolates between the case of an identity operator (s = 0) and that of the usual discrete 2D Laplacian

(s = 1). This replacement leads to a long-range coupling among sites that, at low values of s, decreases
the bandwidth and leads to quasi-degenerate states. The mean square displacement of an initially-localized

excitation is shown to be ballistic at all times with a ‘speed’ that increases monotonically with the fractional

exponent s. We also compute the nonlinear modes and their stability for both, bulk and surface modes.

The modulational stability is seen to increase with an increase in the fractional exponent. The trapping of

an initially localized excitation shows a selftrapping transition as a function of nonlinearity strength, whose

threshold increases with the value of s. In the linear limit, there persists a linear trapping at small s values.

This behavior is connected with the decrease of the bandwidth and its associated increase in quasi-degeneracy.

s=1

s=0.6

s=0.2

Left: Lowest lying modes for a square lattice with fractionality s = 0.2 Right: Normalized density of states

for a square lattice with di↵erent fractional exponents. (N = 21⇥ 21)
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Introduction
The �-exponential models is a parametric family of lowered isothermal models that attempt to describe
the thermo-statistical properties of a self-gravitating systems that evolves along a quasi-stationary evolution
under the incidence of evaporation (escape) of their constituents. A keystone for this extension is the special
function,

E (x; �) = H (x)
1X

k=0

x
�+k

� (� + 1 + k)
, (1)

which represents a continuous deformation via the real parameter � of ordinary exponential function [1].
Here, H (x) and � (x) are the Heaviside step and Gamma functions, respectively. Its single-mass distribution
function for degenerate non-relativistic particles is given by,

f� (r,p|�,↵,!, "c) =
exp

⇥
��

�
↵L2 + ! · L

�⇤

⌘ + exp [x]
E (x; �) , (2)

which comprises a series of realistic features of di↵erent models existing in the literature [2-6]. Here, the
dimensionless variable x = � ["c � " (r,p)] is defined from the individual mechanical energy of particles
" (r,p) = p2

/2m + m' (r), the inverse temperature-like parameter �, and the threshold energy "c for
the evaporation. The function L = r⇥ p is the angular momentum, whose presence consider the rotation
anisotropy via the parameters (↵,!). The first parameter ↵ controls the radial anisotropy, while the second
! the axial anisotropy. Finally, the term ⌘ is a normalization constant that takes into consideration the
quantum degeneration, which can be expressed in terms of the Fermi energy "F as follows,

⌘ = exp [� ("c � "F )] . (3)

In this work, we shall provide a panoramic view about the thermodynamics of these models considering the
special solutions studied in the literature.
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Introduction
Over the last decades, multifractal analysis, via detrended fluctuation analysis (DFA), have been applied
extensively in both segmentation and characterization processes, in medical signals. There is a vast range of
its applications, which go from electro-cardiogram (ECG), to bone imaging [1]. Regarding ECG signals, the
multifractal analysis of ECG data reported are popularly made by using the method of detrended fluctuation
analysis, which can quantify the variability in the scalling of the fluctuations in data [2]. The multifractal
detrended fluctuation analysis of non-stationary time series (MFDFA) method generalizes DFA method and,
by now, is widely used to avoid spurious detection of correlations arising from process trends [3]. It has been
already analysed how variations in ECG signals can be detected through multifractal analysis, in which the
multifractal analysis of the ECG signals has helped to distinguish healthy and unhealthy cases [4].
Here, our goal is to pursuit more e�cient methods to deal with non-stationary time series. Firstly, we rewrite
the complicated formulas of the MFDFA algorithms in terms of the Hölder mean. Next, we show that the
Hölder mean can be suitably written in terms of the generalized logarithm and exponential functions of the
non-extensive statistical mechanics [5-6]. Thus, we write the MFDFA algorithm in terms of these generalized
functions, making it compact and ready for implementation. Finally, we have tested our implementation in
ECG signals from the PhysioNet public database to validate the algorithm.
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Introduction

The application of the divergence theorem on continuous probability densities with compact support leads
to the conjugate variables theorem (CVT) [1, 2], namely the identity

⌧
@

@x
· !

�

I

+

⌧
! · @

@x
lnP (x|I)

�

I

= 0 (1)

where !(x) is an arbitrary, di↵erentiable vector field. The CVT can be used to derive the equipartition
theorem of classical statistical mechanics, as well as several formulas such as Rugh’s temperature [3, 4],

D
r ·

h v

v ·rH

iE

E
=

1

kBT (E)
. (2)

We can augment this identity by including a set of m constraints of the form gj(x) = Gj (j = 1, . . . ,m)
and considering a Bayesian update from the state of knowledge I to (G, I) by virtue of Bayes’ theorem in
the form

P (x|G, I) =
P (x|I)P (G|x, I)

P (G|I) , (3)

obtaining then the versatile identity

⌧
@

@x
· !

�

G,I

+

⌧
! · @

@x
lnP (x|I)

�

G,I

=
mX

j=1


@

@Gj

D
@gj

@x

E

G,I
+
D
@gj

@x

E

G,I

@

@Gj
lnP (G|I)

�
(4)

that not only contains the CVT but also the fluctuation-dissipation theorem. In this work we show the
derivation of this identity and several examples of its use, from constructing configurational temperature
estimators under constraints [5], performing coordinate transformations, computing probability distributions
of sums of variables and even the calculation of densities of states of model systems.
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Introduction
It is well known that thermodynamic fluctuations around a state of maximum entropy x̄ can be described

from a Riemannian-geometric standpoint, known as Ruppeiner geometry [1], whose metric tensor g is locally
given by

gij(x̄|✓) = � @2S

@xi@xj
(x̄|✓),

where the xi are the so-called “natural variables” of the entropy S of the system under the constraints
determined by the parameters ✓. This approach seeks to lay out physical phenomena, especially those related
to critical behavior, microscopic interactions, and phase transitions, in terms of the curvature of the manifold
of equilibrium states. In particular, for a system with two fluctuating variables, the latter is given by R =
� det(h)/(2 det(g), where

h =

0

@
g11 g12 g22
@1g11 @1g12 @1g22
@2g11 @2g12 @2g22

1

A .

While this treatment of equilibrium thermodynamics has provided useful information in a variety of contexts
[2-7], it is heavily reliant on coordinates, unlike the widespread geometric approaches to classical mechanics
and general relativity. This brings about problems in the physical interpretation of curvature, as this work
illustrates. Upon introducing a geometric notion of natural variables of entropy, I show that the curvatures
of the submanifolds that are relevant in fluctuation theory depend on the manifold on which states fluctuate.
This means that Ruppeiner geometry requires a preferred parameterization of the manifold of states to yield
physically meaningful results. In order to reconcile Ruppeiner geometry with covariance, I hint at some
possible amends that might yield a coordinate-independent fluctuation theory in a broader setting.
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Introduction
Using the projection method by Kalinay and Percus [3], we derive an e↵ective di↵usion coe�cient for narrow
channels that generalizes previously reported results. This is, a position-dependant di↵usion coe�cient for
two-dimensional asymmetric channels under a transverse gravitational external field is obtained. The main
result shown here as Eq. (1)

D(x)
D0

= 1� w02(x)

4 sinh2
⇥
1
2gw(x)

⇤ ⇥
⇢
1 + cosh2


1
2
gw(x)

�
� gw(x) coth


1
2
gw(x)

��

� y0
0(x)

⇢
y0
0(x)� w0(x) coth


1
2
gw(x)

�
+

1
2
gw(x)w0(x) csch2


1
2
gw(x)

��
,

(1)

contains the well-known previous results for symmetric channels with external gravitational force presented
by Kalinay [4], as well as asymmetrical cases where the transverse field goes to zero. Also, found coe�cient
can be approximately written as an interpolation formula as proposed initially by Reguera and Rubi [2]

D⌘(x) =
D0⇥

1 + 1
4w

02(x)
⇤⌘ , (2)

where the constant transverse force, assymetry, and spatial confinement can be encoded in ⌘. Eqn. (2) can
be used to recover preceding results as well. Finally, the excellent agreement of our equations with Brownian
dynamics simulations is shown for both cases. Symmetric channels that are compared, also with previously
obtained results by another method [5]. And for asymmetric channel boundaries that are new promising
results that could be used to control e↵ective di↵usion and particle separation. These simulations results are
shown in the figures below and the channels used for each one are depicted in the inset images.
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The systems can be classified according to their interactions in short and long-range. Free particles and

systems with short-range interactions are simple; however, in systems with long-range interactions the emer-

gence of chaos and others properties as the lack of additivity and extensivity, anomalous di↵usion, etc., results

in phenomena with more complexity [1,4]. Therefore, biological and atmospheric systems, neural networks,

financial markets, etc. are examples of complex systems.

Disequilibrium (D) and complexity (C) are two statistical quantities introduced by [4] Lopez-Ruiz-Mancini-

Calbet (LMC) to measure the degree of complexity of a system being the limiting cases, the ideal gas and

perfect crystal, both with zero complexity. The above quantities are defined as,

D =

Z
⇢2(x)dx, C = DS. (1)

In the current abstract, we compute the complexity and the disequilibrium as a function of the temperature in

the so-called d-HMFmodel, introduced recently [5], representing a typical system with long-range interactions.

For high temperatures, we obtain the expected results for these quantities; however, the main limitation lies

in the theoretical description for low temperature due to the classical nature of this Hamiltonian.

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 1.1
0

1

2

3

4

T

 S: Entropy 
 D: Desequilibrium
 C: Complexity

Tc

Figura 1: Entropy, Disequilibrium and Complexity of the d-HMF model as a function of temperature T .
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Introduction
In this work, a study of the behavior of information measurements in two types of potential bistables is
carried out, the Razavy bistable potential[1] and the square bistable potential, to contribute new knowledge
to the investigation of statistical quantities in quantum systems. In the Razavy bistable potential study, we
corroborate the invariance under replication of the probability density for the stationary states proposed by
López-Ruiz and Sañudo[2] in the framework of the analysis of the infinite quantum square well. In addition,
in the research of the square bistable potential, we ask the implications of the quantum tunneling in the
description of the information, disequilibrium, and complexity measurements, which, as expected according
on this particular phenomenon, shows us that the probability density is more concentrated in the wells than
within the potential barrier.

Methodology and results
Sommerfeld’s analytical method obtains the lowest energy levels, which allows us to compute the information,
disequilibrium, and statistical complexity measures. Such a calculation depends on the probability density
of the lowest eigen-energies of the Hamiltonian, including the corresponding bistable potential. In the square
bistable potential study, we find analytical solutions for a one-dimensional symmetric potential, solving the
Schrödinger equation for each of the regions observed in the system. We obtain the energy quantization
condition for each of these solutions, which calculates the allowed values for the lowest energy levels. We
determine the expression of the time-dependent wavefunction for the system ground state and, with it, the
time-dependent probability density. We compute the time evolution of the information measurements during
a period of oscillation for di↵erent parameter values of the system.
We numerically check the invariance under replication, which shows us that the information measures remain
constant for the lowest energy levels. In the study of a particle confined in the square bistable potential,
we note that the temporal evolution of the information measures behaves as a periodic function that takes
extreme values when the particle is in one of the wells and when it crosses the potential barrier.
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We present a study of longitudinal/transversal vibrations on a string using a discrete system of point masses
equally separated as an approximation to model the string. This approximation considers that deviations
from the equilibrium point are made by springs that get stretch and get compress[1]. Then, we write the
equations of motion from a Lagrangian formulation and find the frequency dispersion ratio using plane wave
solutions. Since the N equations of motion are coupled, we propose an expression for a wave packet by
superposition. Finally, considering an impulse highly localized in the central point of the system as the initial
condition of the problem, we describe how the wave packet expands in the string. If �l represents the l-th
vibration, the Lagrangian formulation leads to the following expressions:

L =
1

2

 
nX

l=�n

m�̇2
l � !0

n�1X

l=�n

(�l+1 � �l)
2

!
=) �̈l � !2

0((�l+1 � �l)� (�l � �l�1)) = 0.

Considering a plane-wave solution type, we obtain the frequency dispersion ratio given by !(k) = 2!0 sin
�
ka
2

�
.

Thus, using a wave packet highly localized to the center of the string, we finally obtain

✓l(t) =
1

2⇡

Z ⇡

�⇡
Al(k)e

i!td

✓
ka

2

◆
= J2l(2!0t),

which corresponds to the amplitude time evolution of vibrations. From this expression, we can build the
classical probability, which can be used for several applications in statistical physics and complexity.

(a) (b)

Figure 1: (a) Classical probability Pl(t) = J2l(2!0t)
2/
P

l |J2l(2!0t)|2 as a function of the location l, for fixed times.
(b) The evolution of the Information (Shannon Entropy) IS(t) = �

P
l Pl(t) logPl(t) of the system.
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Introduction
The process of phase separating multicomponent mixtures is of great interest to experimentalists and theorists

alike due to its huge scientific and technological importance. At a high enough temperature (T � Tc), the

mixture prefers to be in a homogenous or disordered state due to large contribution from entropy. When

rapidly quenched below the critical temperature (Tc), the system becomes thermodynamically unstable and

evolves towards the new equilibrium state by the formation and growth of domains of like particles [1,2].

It is now well-established that these coarsening dynamics is a scaling phenomenon, such that the quantities

that characterize the dynamics, e.g., the two-point equal-time correlation function C(r, t) and its Fourier

transform, the structure factor S(k, t) exhibits dynamical scaling form:

C(r, t) = g[r/l(t)], (1)

S(k, t) = L(t)df [kl(t)]. (2)

Here, g(x) and f(p) are the scaling functions independent of time, r is the separation between the spatial

points, k is the magnitude of the wave vector and d is the system dimensionality. The average domain-size

follows a unique and simple power-law dependence on time: l(t) ⇠ t� where � is referred to as the growth

exponent [3].

Model

We consider a ternary fluid mixture (ABC), where A and B are simple fluids and C is the polymeric

component trying to reside on the interface of the fluid mixtures. The modeling of the mixture is done

through Dissipative Particle Dynamics (DPD) [4,5] which naturally incorporates the hydrodynamics e↵ect.

The interacting particles in the system evolve in time by the integration of Newton’s equation of motion,

mi
dvi
dt = fi where the e↵ective force fi(t) acting on each bead i consists of three pairwise additive forces:

the conservative, dissipative and random forces. We do a comprehensive study of the system by varying the

composition and various parameters of the polymeric component and try to find out what e↵ect a polymeric

component (C) on the interface of simple binary (AB) fluid may have on the phase separation kinetics.
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Introduction
This talk will present the results of my recently published paper [1].

Bose-Einstein (BE) condensation is one of the most important examples of phase transitions (and the

first one to be taught in most textbooks). This phase transition is identified by the fact that there is a low

value of temperature, namely the critical temperature, for which (in the thermodynamic limit) the fraction

of particles in the lowest energy state (ground state) and the specific heat are nonanalytical.

In this talk I will present a study of the grand canonical Bose-Einstein (BE) statistics for a finite number of

particles in a general dispersion relation. In a finite number of particles not only the nonanalytical behaviour

disappears but important qualitative diferences can be seen for a number of particles of the order of the ones

observed experimentally in Refs.[2].

This is an important result for understanding the role of the thermodynamic limit in phase transitions

and makes possible to further study BE statistics without relying neither on the thermodynamic limit nor

on approximations near critical temperature.

The problem and results
The BE critical temperature is defined in terms of the expected number of particles N as

�c =



�(⌘ + 1)

N
⇣(⌘ + 1)

� 1
⌘+1

,

where ⇣ refers to the Riemann’s zeta function, 
1

(⌘+1) is an unit of energy given by the system, and ⌘ is the

density of states exponent given by the quantum system – ⌘ =
1
2 for a gas trapped in a box and ⌘ = 2 for a

harmonically trapped gas, calculation of ⌘ for others potentials can be found in [1].

The number of particles N and the internal energy U of a Bose gas are given, respectively by

N = 
�(⌘ + 1)

�⌘+1
Li⌘+1(⇠) + n0 , where n0 =

⇠

1� ⇠

U = 
�(⌘ + 2)

�⌘+2
Li⌘+2(⇠) .

Above � refers to the unit corrected inverse temperature, � =
1

kBT ; ⇠ to the fugacity; ; and Li refers to the

polylogarithm family of functions, Li'(y) =
P1

k=1
yk

k' .

With the equations for N and U above, all thermodynamic quantities can be calculated exactly in terms

of � and ⇠, however for a adequate comparison with the critical temperature, it is necessary to obtain the

thermodynamical quantities in terms of � and N . This is possible by defining ⇠(N,�) as the inverse of the

expression for N above, Ref. [3] presents a method to calculate ⇠(N,�) numerically.

We will observe that this leads to several qualitative di↵erences in the behaviour of the thermodynamic

quantities that define phase transition for a number of particles ranging from N = 10
2
to N = 10

7
– which

is the order of N in which the experiments reporting BE condensation were performed [2] – when compared

to the thermodynamic limit.
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Introduction
We present the computation of the configurational density of states (CDOS) of a three-state Potts model
arising from the Coulomb lattice gas approximation. The Potts spin states �i 2 {�1, 0, 1} represent negative
charge, absence of charge and positive charge, respectively, and in this way, the model captures some features
of charged particles confined in a given geometry but introducing an underlying discrete lattice that makes it
possible to optimize the computational cost of the simulation. We make use of the Wang-Landau algorithm [1]
to compute the CDOS, and from it we compute the microcanonical and canonical caloric curves for the system.
We start from the Coulomb interaction in a system composed of n particles

�(r1, . . . , rn) =
1

2

X

i,j 6=i

qiqj
4⇡✏0|ri � rj |

(1)

confined inside a sphere, that is, with |ri| < R, which can be transformed into a lattice-gas model by fixing
N possible positions of the particles in a grid and only recording the charge �i 2 {�1, 0, 1} in a given site,
for i = 1, . . . , N . In this way we can write [2]

�(�i, . . . ,�N ) =
J0
2

X

i,j 6=i

�i�j

rij
=

1

2

X

i,j 6=i

Jij�i�j (2)

where Jij = J0/rij and J0 = e2/(4⇡✏0r0) with r0 the minimum distance between neighbors in the grid, and
where we impose the conservation of charge by fixing N =

Pn
i=1 |�i| and

Pn
i=1 �i = 0.
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Abstract
In 1911, Jüttner proposed a generalization of the Maxwell-Boltzmann velocity distribution for a relativistic

gas. Here, we want to discuss the Jüttner’s probability density function (PDF). The volume in velocity

space and consequently in momentum space is not flat in special relativity. The velocity space is curved and

corresponds to the Lobachevsky space. As a result, this induces a di↵erent power for the Lorentz factor in the

PDF, a↵ecting Jüttner’s normalization constant in one, two and three dimensions. Furthermore, Jüttner’s

distribution written in a more appropriate variable, the rapidity, presents a curvature change at the origin at

a su�ciently high energy, which does not agree with the computational dynamics simulation of a relativistic

gas. However, in at least in one dimension, the rapidity satisfies a simple additivity law, allowing us to obtain

a new PDF whose curvature at the origin does not change for any energy value and which agrees with the

computational dynamics simulation data.
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Pontificia Universidad Católica de Chile, Instituto de F́ısica, Pontificia Universidad Católica de Chile
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Introduction
In 2006, A. Cohen and L. Glashow presented for the first time the idea of ”Very Special Relativity” (VSR), a
theory supposing as spacetime simmetry no longer the full Lorentz group but a particular class of Lorentz’s
subgroups [1]. These subgroups have the special property of being enlarged to the full Lorentz group when
adding some discrete simmetry, like CP invariance. Due to the already known small CP breaking e↵ects in
the Standard Model, VSR opened new possibilities for particle physics, in particular concerning di↵erent
mechanisms for neutrino masses [2].
The aim of our work is to study the Spin-Statistics connection with a focus in the framework of VSR: as we
know, in fact, the di↵erent proofs of the Spin-Statistics Theorem, starting from the historic one by Pauli [3],
often relies in some way on Lorentz invariance and on locality of the Lagrangian terms, while both of these
assumptions may be violated in VSR.
In the following, we will consider as VSR group the so-called SIM(2), generated by the transformations
T1 = KX + JY , T2 = KY � JX , KZ and JZ .

VSR Field Theories, CPT Invariance and Spin Statistics Connection
For an explicative purpose, we will present here a brief and pragmatic summary of the analysis in the case
of the VSR fermion field theory

Lf =  ̄(i�µ@µ �M + i
m2

2

nµ�µ
n · @ ) ,

where n is the preferred VSR null vector breaking full Lorentz simmetry to SIM(2) invariance. We will
exploit the CPT simmetry of nature, which it’s not broken by reducing to SIM(2) invariance. Let’s consider
the notation [4] for the C, P and T transformations

P (t, ~x)P = ⌘P �
0 (t,�~x) , T (t, ~x)T = �⌘T �1�3 (�t, ~x) , C (t, ~x)C = �i( ̄(t, ~x)�0�2)T ,

where the three ⌘ are arbitrary phases. Then, we can calculate the CPT transform of each term Li(x) of
the Lagrangian, verifying under which commutation fermion conditions we get Li(�x) and therefore CPT
invariance of the field action.
In particular, since under CPT nµ ! �nµ, @µ ! �@µ, having in the VSR term a fraction with nµ in both
numerator and denominator, its behaviour under CPT is e↵ectively the same of the kinetic term, whose
transformation is

 ̄(t, ~x)�µ@µ (t, ~x) ! �(�0�5 (�t,�~x))T �µ@µ( ̄(�t,�~x)�0�5)T = �( ̄(�t,�~x)@µ(�µ)T (�t,�~x))T ,

which, as expected, implies rules of anticommutation for  ̄,  to get CPT invariance of the action. That
implies the real possibility of writing, under the right assumptions, VSR field theories that respect, as in the
above example, the Spin-Stastics Connection.
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Introduction
In the past decades there was a plausible interest in the definition and characterization of the measures of

certainty and information associated with probability distribution, as well as in the measures which charac-
terize the distance between two distributions. In this line of research, axiomatic approaches are particularly
powerful tools and could serve as an invaluable way to analyze the intriguing relationships between informa-
tion and complexity. The most prominent one is based on generalized Shannon-Khinchin axioms [1], from
which the class of strongly pseudo-additive entropies can be derived [1], which includes Sharma-Mittal, Rényi,
Havrda-Charvát-Tsallis and Gaussian entropies, as well as Massi and Jensen-Pazuki-Pruessner-Tempesta en-
tropies, while the InforCer measures and corresponding axiomatic system introduced in [2] define an even
more general family of measures for the quantification of information, certainty and inaccuracy. This leads
to a variety of generalized divergences measures between two distributions (see [3] and references therein)
and has strong implications for the characterization of the statistical complexity measures, which represent
an interplay between order and disorder levels of complex system, where generalized entropies are usually
used for the disorder measures, while the order is described using generalized divergence measures. In the
past, di↵erent definitions of statistical complexity based on di↵erent choices of the entropy and divergence
measures were introduced, but there is no a general agreement which one is preferable [4-7], due to the fact
that it has still not been accepted what is a set of basic properties which complexity measure should satisfy.

The problem and results
In this work we provide a general treatment of the statistical complexity measures and a detailed analysis

of existing measures, starting from a set of ineluctable properties, which are stated as axioms, by which the
statistical complexity measure has to be non-negative, decomposable, equal to zero, in the case of a simple
system, invariant under rescaling and replication and to preserve consistency of discrete and continuous cases.
We propose a general class of statistical complexity measures, which depends on a parameter q and satisfy all
of the properties. Unlike the previous approaches, both order and disorder parts are defined using generalized
divergence measures. This approach ensures that proposed measures have well defined limit when a discrete
system tends to a continuous, so that the definitions of the complexity in these two cases are consistent. In
addition, unlike the previously considered measures, the proposed complexity measure can be extensive or
non-extensive by changing the value of the parameter q.

Acknowledgment
This work was supported by the Serbian Ministry of Education, Science and Technological Development
through Mathematical Institute of the Serbian Academy of Sciences and Arts.

References

[1] V. Ilić, M. Stanković. PHYSICA A, 411:138-145 (2014).
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Introduction
The work is devoted to the development of a method for describing the dynamics of structured bodies (SB).
The main advantage of the method is that it opens up the possibility of a deterministic description of the
processes of evolution of bodies within the framework of the fundamental laws of physics. This possibility is
due to the use in it of the equation of motion of the SB, obtained taking into account the relationship of its
dynamics, as a whole, with the internal dynamics of the elements of the SB. The derivation of the SB equation
of motion is based on the principle of symmetry dualism. According to this principle, the dynamics of the SB
is determined by both the internal symmetries of the SB and the symmetry of the space. In accordance with
the principle of symmetry dualism, the derivation of the SB of motion equation was carried out directly from
the condition of invariance of the total energy of the SB. Moreover, the total energy is the sum of the energy
of motion of the SB and its internal energy. The representation of the total energy of the SB is realized in
the space of independent micro- and macro-variables, which determine the energy in the form of the sum of
its internal energy and the energy of motion, respectively. The derivation of the equation of motion of the
SB from energy made it possible to avoid the limitations that exclude the possibility of describing dissipative
processes. These restrictions arise in the Lagrange and Hamilton equations due to the use of the conditions
of holonomic constraints and the potentiality of collective forces in their derivations. These conditions lead
to the reversibility of the equations of motion of the systems. The SB motion equation takes into account the
work of dissipative friction forces that determine the transformation of motion energy into internal energy.
This made it possible to introduce in the framework of classical mechanics the concept of D-entropy, defined
as the relative increase in the internal energy of the SB due to its energy of motion. D-entropy is convenient
for analyzing evolutionary processes in moving interacting bodies, for example, for objects in the Universe.
In general, the equation of motion of the SB made it possible to reconcile the reversibility of the motion of
the MP, on the one hand, and the irreversibility of thermodynamic processes, on the other hand.
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A Kuramoto-type approach to address flocking phenomena is presented. First, we analyze a simple general-
ization of the Kuramoto model for interacting active particles, which is able to show the flocking transition
(the emergence of coordinated movements in a group of interacting self-propelled agents). In the case of
all-to-all interaction, the proposed model reduces to the Kuramoto model for phase synchronization of iden-
tical motionless noisy oscillators. In general, the nature of this non-equilibrium phase transition depends of
the range of interaction between the particles. Namely, for small range of interaction the transition is first
order, while for a larger range of interaction it is a second order transition. Moreover, for larger interaction
ranges, the system exhibits the same features that in the case of all-to-all interaction, showing a spatially
homogeneous flux when flocking phenomenon has emerged. While, for lower interaction ranges, the flock-
ing transition is characterized by cluster formation. We compute the phase diagram of the model, where
we distinguish three phases as a function of the range of interaction and the e↵ective coupling strength: a
disordered phase; a spatially homogeneous flocking phase; and cluster-flocking phase. Then, we present a
general discussion about the applicability of this way of modeling to more realistic and general situations,
ending with a brief presentation of a second example (a second model with conservative interaction) where
the flocking transition may be studied within the framework that we are proposing.
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An interesting problem in plasma physics, when approached from the point of view of non-equilibrium Sta-
tistical Mechanics, is to obtain properties of collisionless plasmas, through the Vlasov Equation [1]. From
Classical and Statistical Mechanics, this equation corresponds to a fluid version of the Liouville theorem
for the phase space density, when the Hamiltonian describes electromagnetic interactions and the e↵ect of
Coulomb collisions can be neglected. Even though the Vlasov Equation is a well-known theoretical approach
in plasma physics, the obtention of solutions is a very di�cult task, usually addressed using perturbative
methods. In this work we present two ways of approaching the problem. First, from the point of view of
obtaining macroscopic properties of the system. Through theoretical analysis and numerical calculations we
show that starting from the Vlasov equation, and using a classical analog of Ehrenfest theorem [2,3], it is
possible to derive relations for the expectation values of time-dependent observables [4]. For this case, conside-
ring charged particles trapped in a magnetic field dipole, the three adiabatic invariants are studied indirectly.
Considering expression for pitch angle, average radius and magnetic moment we found dynamical equations
that we contrast using test-particle simulations. Second, considering the origin of empirical distributions in
modeling space plasma phenomena is not a settled issue, we also approach the problem from a microscopic
point of view. We start from a linear approximation of the Vlasov Equation, and apply Superstatistics con-
siderations to explore its scope and possible interpretation on dispersion relations for a magnetized plasma,
extending Ourabah’s previous analysis on electrostatic plasma waves [5].
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The Asymmetric Simple Exclusion Process (ASEP) is a paradigmatic model of an interacting non-equilibrium

system [1]. It describes Brownian particles occupying discrete lattice sites with strong inter-particle inter-

actions that limits site occupation to one or zero particles. The ASEP model has been successfully used to

describe a wide variety of non-equilibrium phenomena including stepping molecular motors [1]. Despite its

utility, it is not clear how to generalise this model to the cases of multiple site occupation or weak interactions.

In this talk we present a many-body master equation that generalises the ASEP model to the case of multiple

site occupation. We formulate this master equation by exploiting boson creation and annihilation operator

methods from many-body quantum mechanics. These techniques have been shown to also apply to indistin-

guishable classical particles [2]. This master equation describes discrete hopping between lattice sites and

repulsive interactions between particles. Due to the similarity to quantum systems, we can apply well-known

numerical and analytical techniques to solve for the non-equilibrium steady state. We present results for the

steady-state drift and number fluctuations of which have been calculated using the Gutzwiller approximation

[3] and operator identities. For example, the steady-state drift for a range of interaction strengths from

non-interacting to strongly interacting is shown in Figure 1. In the limits of strong repulsive interactions and

less than one particle per site, this master equation reduces to the ASEP model [4].

Figure 1: Steady-state drift per particle for a density of 0.5 and (solid) a lattice with 4 sites, (dashed) a lattice with

8 sites and (dash-dotted) Gutzwiller approximation.

References

[1] T. Chou, K. Mallick, R. Zia, Rep. Prog. Phys. 74, 116601 (2011).

[2] M. Doi, J. Phys. A: Math. Gen. 9, 1465 (1976).

[3] W. Zwerger, J. Opt. B: Quantum Semiclass. Opt. 5 S9–S16 (2003).

[4] B. Derrida, Phys. Rep. 301, 65-83 (1998).



II International Workshop on Statistical Physics
Antofagsta, Chile, December 01-03, 2021 Work section (According to mains topics of IWoSP)

A self-organized critical system under the influence of
turbulent motion of the environment

Aleksandr Yu. Luchin1,⇤, Polina I. Kakin1,‡, Nikolay V. Antonov1,†,
1
Department of High Energy and Elementary Particles Physics, Saint Petersburg State University,

Universitetskaya Emb. 7/9, St. Petersburg, 199034, Russia

⇤luhsah@mail.ru, ‡p.kakin@spbu.ru, †n.antonov@spbu.ru

Introduction
The phenomenon of self-organized criticality (SOC) consists in the emergence of scaling in open non-
equilibrium systems with dissipative transport [1,2]. Unlike equilibrium systems that arrive at critical states
when control parameters approach their critical values [3], systems with SOC evolve to critical states due
to their intrinsic dynamics. Such systems are widespread in nature with SOC being observed in physical,
biological, economic and social systems [2].
Critical behavior of stochastic system can be drastically a↵ected by turbulent motion of the environment
(see, e.g., [4]), thus, it is important to study the motion influence on systems with SOC.
In this report, we present a field theoretic renormalization group analysis of the continuous anisotropic model
of SOC introduced in [5] (a ”running sandpile”) coupled to the stochastic Navier–Stokes equation [6,7]. The
latter describes turbulent motion of the environment; the random force correlator for the equation is chosen
in the form that includes two terms. The first one is local and corresponds to shaking the fluid as a whole
while the second one models ”pure” turbulence.

Methodology
We constructed a field theory equivalent to the stochastic problem and performed analysis of ultraviolet
divergences that shown that the theory is renormalizable. In order to find renormalization constants, Feynman
diagrams related to diverging Green’s functions were calculated to the first order of double expansion in two
small parameters (one-loop approximation). Then the special case where SOC is excluded was considered.
For this case, three regimes of critical behavior were found; corresponding critical exponents were calculated.
Next step of the research is finding fixed points of the renormalization group equation for the problem where
both turbulence and SOC are included equally because infrared attractive fixed points correspond to regimes
of critical behavior and determine related critical exponents. This work is in progress.
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Introduction
Chemotaxis is the ability of motile microorganisms to migrate along a chemical gradient. For Escherichia
coli, this mechanism is a topic to study since not only expresses metabolic preferences, but also reveals bias
in its motility due to the environment. Their motion is modeled as a run-and-tumble dynamics. In fact, their
flagella can rotate and propel the cell body in a “run” mode which can suddenly terminate whenever some of
them reverse direction called “tumble”. The bacteria chemotaxis is achieved by modulating the tumble rate
with changes in the concentration of the ligand. If the concentration increases over time the bacteria tend to
keep moving in a straight line, tumbling less frequently. If this remains constant the bacteria return at the
same tumbling rate.
The chemotaxis network of E. coli, has rationalized into a mathematical model where the tumbling rate
depends on the concentration inside the bacterial body of the CheA protein, a, through the relationship
⌫(a) = ⌫0e�a [1]. Furthermore, the variable a evolves depending on the local value of the ligand concentration
l and it is regulated by the methylation of CheB, m. In this sense, the protein concentrations are described
by the Langevin equations [2]

ȧ = � 1

⌧a
(a� ↵m+ �l) + ⇣a, (1)

ṁ = � 1

⌧m
a+ ⇣m, (2)

where ⇣a and ⇣m are white noise terms. ⌧a ⌧ ⌧m which indicates that the relaxation of a to its average value
is much faster than the m. ↵ and � are the coupling constants of the m and l respectively.
In this work we use the tools of kinetic theory to make a quantitative analysis of the presented chemotaxis
model. We derive the average bacterial current under steady and unsteady regimes and analyze how the
bacteria are spatially distributed. Let us first consider the simple case of a uniform concentration gradient
and a first linear response regime was obtained, while for large gradients the current saturates to the maximum
possible value. From the linear regime, a static motility was obtained, which we give explicitly in terms of
the model parameters. In addition, it was possible to determine how long it takes for the system to reach
steady state when, suddenly, a chemotactic signal is established. For chemical signals, with spatio-temporal
variation, we study how the population responds by analyzing the patterns that appear in the bacterial
density.
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Introduction

This proposal seeks to understand the thermodynamic equilibrium between two astrophysical systems that are
gravitationally bounded as a binary system. According to Thirring’s condition [1], a system with negative
heat capacity C1 < 0 can be in equilibrium with other system with heat capacity C2 > 0, provided that
C2 < |C1|. Since astrophysical systems commonly exhibit negative heat capacities [2], one can naively expect
that thermodynamic equilibrium is not possible for a binary system. Nevertheless, a binary astrophysical
system behaves as a three-coupled subsystems by decomposing its description in terms of internal (A,B) and
collective (C) degrees of freedom (see Figure 1).

H = HA +HB +HC +WAB . (1)

In the framework of the quadrupole approximation:

HC +WAB =
1

2µ
P2 � ↵

|R| �
G

|R|3
[MAQB +MBQA] , (2)

equilibrium between the subsystems (A,B) may be possible when the collective degrees of freedom behaves
as a low dimensional system with positive heat capacity. Here, µ = MAMB/(MA + MB) is the reduced
mass and ↵ = GMAMB the gravitational coupling. Our interest is focused on a heuristic derivation of some
sort of a Langevin equation that captures the dynamics of the collective degrees of freedom in astrophysical
thermal contact with the internal degrees of freedom of each astrophysical system within the quadrupole
approximation. Apparently, this model appears as an astrophysical analogue of a brownian particle coupled
to two heat baths such as [3].

Figure 1: E↵ective decomposition of a binary system into three-coupled subsystems in terms of the internal and
collective degrees of freedom in the framework of quadrupolar approximation.
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Introduction
The interactions between a group of components are commonly studied in several fields of science including

condensed matter physics[1], neuroscience[2], social science[3], percolation theory[4], among many others,
using the methods of thermodynamics and statistical mechanics. In these types of systems we usually work
with spin models, such as the Ising model and its generalization, the Potts model [5], have been proposed
to describe correlation between individual sites. Furthermore, it is well known that in spin systems the
phenomenon of metastability (a quasi-stable state of a dynamical system) can be observed [6, 7] and is
common the use of the microcanonical ensemble. Metastable states are usually observed in thermodynamics
states like superheated solids and supercooled liquids as also outside these kind of states, that is the case of
complex systems where they are extremely sensitive to noise or perturbations. However, the phenomenon of
metastability plays an important role in some basic processes of life, like the study of the enviroment as well
as phenotypic di↵erence in genetics [8].

In this work we study the properties of the recently proposed o↵-lattice, two-dimensional Potts model
[Eur. Phys. J. B 87, 78 (2014)] , a opinion model in social groups that takes into account how internal
and external opinions may agree with each other. This model is described by a Hamiltonian obtained by a
maximum entropy inference procedure. We performed microcanonical and canonical Monte Carlo simulations
of the first-order phase transition in the model, revealing a caloric curve with metastable regions.

Furthermore, we report a “switching” behavior between multiple metastable states. We also note that
the thermodynamics of the model has striking similarities with systems having long-range interactions, even
though the interactions are short-ranged.
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Introduction
Weyl semimetals (WSMs) are examples of three-dimensional gapless topological materials, in which the

conduction and valence bands touch each other in an even number of points with linear dispersion, referred

to as Weyl nodes. These nodes are protected from being gapped because they are monopolar sources of

Berry curvature, and hence their charge (chirality) is a topological invariant [1]. In the vicinity of these

nodes, low-energy conducting states can be described as Weyl fermions. While Type I WSMs fully respect

Lorentz covariance, such condition is not satisfied in Type II WSMs. From the theoretical perspective, it has

been proposed that di↵erent sorts of elastic strains can be modeled as gauge fields in WSMs [2]. It has been

studied the e↵ects of strain and magnetic field on the electronic and the thermoelectric transport properties

of WSMs using the Landauer ballistic formalism in combination with the quantum mechanical scattering

cross-sections[3].

The problem and results
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Figure 1: Pictorial description of the system: (a) a single cylindrical defect and (b) a top view of the WSM slab with
the uniform and diluted concentration of cylindrical defects.

This work focuses on the transport properties of a WSM slab of volume L3
with a uniform and diluted

concentration of impurities created by applying mechanical torsion. Every single impurity consists of a

cylindrical strip of WSM of radius a ⌧ L under mechanical torsion represented by a gauge field, with

a Repulsive Delta-Shell potential (RDSP) on its surface to represent the lattice mismatch due to strain.

See Figure 1 for a pictorial representation. The single defect’s scattering problem is known, and we can

express the cross-section in terms of the phase shifts �m(k). In this work, we employ the Kubo formula for

conductivity. We derive an expression for the conductivity across a cubic slab of WSM (with a concentration

ni of dislocation impurities per unit area) calculating the relaxation time as a function of the scattering phase

shifts. The result is an isotropic conductivity tensor whose magnitude at finite temperature is

�(T ) = � 2

3⇡2ni

✓
kBT

~vF

◆2 ✓e2kF
~

◆ Li2

✓
�e

~vF kF
kBT

◆

P
m sin

2
[�m(kF )� �m�1(kF )]

.

References
[1] A. Burkov, Annu. Rev. Condens. Matter Phys. 9, 359 (2018)

[2] V. Arjona and M. A. H. Vozmediano, Phys. Rev. B 97, 201404 (2018)
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Abstract

We introduce a mean-field term to an evolutionary spatial game model. Namely, we consider the game of

Nowak and May, based on the Prisoner’s dilemma, and augment the game rules by a self-consistent mean-field

term. This way, an agent operates based on local information from its neighbors and non-local information

via the mean-field coupling. We simulate the model and construct the steady-state phase diagram, which

shows significant new features due to the mean-field term: while for the game of Nowak and May, steady

states are characterized by a constant mean density of cooperators, the mean-field game contains steady

states with a continuous dependence of the density on the payo↵ parameter. Moreover, the mean-field term

changes the nature of transitions from discontinuous jumps in the steady-state density to jumps in the first

derivative. The main e↵ects are observed for stationary steady states, which are parametrically close to

chaotic states: the mean-field coupling drives such stationary states into spatial chaos. Our approach can be

readily generalized to a broad class of spatial evolutionary games with deterministic and stochastic decision

rules [1].
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Introduction
The reduced state of a system strongly coupled to a bath is, in general, an athermal state. Starting from

that observation, we introduce and study a battery–charger quantum device [1] storing energy in thermal

equilibrium or a ground state [2]. The device operates in a cycle with four stages: the equilibrium storage

stage is interrupted by disconnecting the battery from the charger, then work is extracted from the battery,

and then the battery is reconnected with the charger; finally, the system is brought back to equilibrium. We

study the case where the battery and charger together comprise a spin-1/2 Ising chain [3]. We show that

the figures of merit—the extracted energy and the thermodynamic e�ciency—can be enhanced by operating

the cycle close to the quantum phase transition point. When the battery is just a single spin, we find that

the output work and e�ciency show a scaling behavior at criticality and derive the corresponding critical

exponents. We found equivalent operations from the perspective of the battery, with di↵erent energetic costs

for the cycle when the coupling term does not commute with the bare Hamiltonian, and we use this purely

quantum leverage to optimize the device’s performance.
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Abstract

Considering a coupled map lattice model [1] we analyze the relationship between turbulent cascades on

the spatial scale and Kappa-like distributions representing the velocity probability distributions of eddies

at di↵erent scales. We generate the steady-state velocity distribution of the fluid at each scale k and show

that the generated distributions are well fitted by Kappa-like distributions. We observe a robust scaling

relationship between the  parameter, the scale, and the Reynolds number of the system, Re. Our results

show that there is a closed scaling relation between the level of turbulence and the  parameter; namely

 ⇠ Rek5/3. Furthermore, we also consider skew velocity distributions that usually appear in turbulent

systems driven by a chaotic forcing. We consider the Ulam map noise in the lattice and fit them with �-
distributions (Beck’s distribution) [2]. We characterize the relation between  and � parameters and focus on

possible physical interpretation of skewness. We expect these results to be useful to characterize turbulence

in di↵erent contexts, and our numerical predictions to be tested by observations and experimental setups

[3,4].
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Abstract

Structure-forming systems are ubiquitous in nature, ranging from atoms building molecules to self-assembly of

colloidal amphibolic particles. The understanding of the underlying thermodynamics of such systems remains

an important problem. Here, we derive the entropy for structure-forming systems that di↵ers from Boltzmann-

Gibbs entropy by a term that explicitly captures clustered states. For large systems and low concentrations the

approach is equivalent to the grand-canonical ensemble; for small systems we find significant deviations. We

derive the detailed fluctuation theorem and Crooks’ work fluctuation theorem for structure-forming systems.

The connection to the theory of particle self-assembly is discussed. We apply the results to several physical

systems. We present the phase diagram for patchy particles described by the Kern-Frenkel potential. We

show that the Curie-Weiss model with molecule structures exhibits a first-order phase transition.
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Introduction
Sekimoto [1] showed that work and heat can be associated with individual trajectories of a Brownian particle.

Thus, at the microscopic level, work is a stochastic quantity, and each trajectory leads to a di↵erent result

when a control parameter changes from an initial to a final state. Therefore, after many realizations of an

experiment, one gets a distribution of values of work. The average work is larger or equal to the free energy

di↵erence of the system, being equal only for infinitely long processes. In this context, an optimal protocol

has the lowest average work for a finite time process. Here, we show that optimal protocols found using linear

response theory (LRT) can perform well even outside its regime of validity.

The problem and results
There are a few analytic expressions of the optimal protocol for paradigmatic examples: time-dependent

sti↵ness and time-dependent center position, in the overdamped limit, of a harmonic potential [2]. Nonetheless,

optimal protocols are hard to find in general. A natural first approximation is to study weak processes, and

the LRT method allows one to construct such protocols [3]. Its main advantage is that it is a phenomenological

method, i.e., it does not require knowledge about the microscopic properties of the medium. Therefore, it is

much simpler, but it is typically limited to a narrow range of values. Here, we present numerical studies of

LRT applied to an optically trapped colloidal particle in dynamically controlled optical tweezers. We show

that the protocols generated by this method have good performance even outside the usual regime of validity,

at least for a harmonic potential with time-dependent sti↵ness. A summary of the results is shown in Fig. 1.

Figura 1: The relative di↵erence between the LRT optimal protocol and the exact solution as a function of the relative
changes of control parameter and process time. It is noteworthy that the LRT protocol performs well even
outside its regime of validity (for week variations: at the bottom of the graph).
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Introduction
In this work, we discuss some properties of a possible variation of the Ising model; this is the d-HMF

model[1], which includes long-range interactions, which are of interest in atomic and astronomical scales.

Typical consequences of having interacting particles in systems are lack of additivity and extensivity in the

energy, and the sensitivity from the initial conditions[1-3].

The problem and results
The simulation is performed in the microcanonical ensemble by molecular dynamics. In the transition towards

equilibrium the system presents a negative specific heat region below the critical temperature. The resulting

instability is highly relevant because of its substantial impact on experimental and theoretical features.

As generally acknowledged, several particular properties related to the nonequilibrium behaviour of systems

with interacting particles, such as the relaxation to thermal equilibrium in the N-particle d-HMF model, have

recently been debated. The relaxation time has been shown to belong and to increase with the number of

particles. This system evolves very slowly, on time scales diverging with N through so-called “quasi-stationary

states” (QSS) towards the Boltzmann–Gibbs equilibrium. The d-HMF model was recently introduced by
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Figura 1: In the left panel, the evolution of some trajectories in QSS regimes is depicted. In the right panel, the
momentum evolution for the same particles is shown.

Atenas and Curilef [1], and it has been previously studied in analytical and numerical[1-4] ways. In such a

description, two QSS has been reported. They are described according to the behaviour of thermal properties.

In this contribution, we attempt to add the perspective given from the visual inspection of trajectories of the

individual particles.
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At the macroscopic level, processes involving the exchanges of energy, work, and heat are well described
by the laws of Thermodynamics. However, as the energy scale decreases, fluctuations become increasingly
relevant and play an essential role in the system dynamics. In this scenario, we use optical tweezers to study
colloidal particles in out-of-equilibrium processes [1]. In particular, we shall present preliminary results on
ongoing experiments exploring the optimization of the thermodynamic work with such a system [2].
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dinâmicos (Master’s dissertation, University of São Paulo), DOI:10.11606/D.76.2019.tde-12092019-141442.
[2] T. Schmiedl and U. Seifert, Optimal finite-time processes in stochastic thermodynamics. Phys. Rev. Lett.,
98, 108301 (2007).



II International Workshop on Statistical Physics
Antofagasta, Chile, 01-03 de diciembre de 2021 Systems out of equilibrium

Statistical approaches to the problem of homogeneous
melting of solids in the microcanonical ensemble

Vivianne Olgúın-Arias1
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Introduction

Melting is a common phenomenon in our daily life, and although it is understood in thermodynamic (macro-
scopic) terms, the transition itself has eluded a complete description from the point of view of microscopic
dynamics. While there are studies of metastable states in classical spin Hamiltonians [1, 2], cellular au-
tomata [3], glassy systems [4] and other models [5, 6], the statistical mechanical description of the micro-
canonical superheated solid state, a metastable state ocurring just before the onset of melting, is lacking.

Our work is oriented to the study of the melting process of superheated solids, which is believed to be
caused by thermal vacancies in the crystal or by the occupation of interstitial sites [7]. When the crystal
reaches a critical temperature TLS above the melting point Tm, it becomes unstable and a collective self-
di↵usion process is triggered. These studies are often observed in a microcanonical environment, revealing
long-range correlations due to collective e↵ects, and from theoretical models using random walks over periodic
lattices [8].

Our results suggest that the cooperative motion made possible by the presence of vacancy-interstitial
pairs (Frenkel pairs) [9, 10] above the melting temperature induces long-range e↵ective interatomic forces
even beyond the neighboring fourth layer [11]. From microcanonical simulations it is also known that an ideal
crystal needs a random waiting time until the solid phase collapses [12, 13]. Our results also point towards
a description of these waiting times using a model in which there is a positive, unspecified quantity X that
accumulates from zero in incremental steps, until X exceeds a threshold value X⇤ that triggers collapse [14].
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Introducción
Normally, sandpile models consider a grid of cells [1], where charge is redistributed to neighboring cells.
Several studies [2, 3] have considered the generalized case of sandpiles in a complex network grid, where
avalanches redistribute the load on the nodes connections. However, an arbitrary underlying network may
have isolated nodes, which accumulate grains, or the avalanches may follow a network loop, which prevents
energy release. In this work, we study the transition from a 1-D sandpile model to a more general model,
without these issues, and studying the resulting sandpile statistics. These studies could be useful in contexts
where dissipative processes along preferential paths are relevant, such as energy release during magnetic
reconnection events. [4]

Methodology
We start with the usual BTWmodel, represented by a directed complex network. Avalanches proceed from

node i to node i+1, following the direction of the network edge between them. Then, we randomly reconnect
nodes in such a way that the energy can always be released from the grid, and there are no accumulation
points. This is done following two rules: (a) an edge is modified only once, and (b) if the old edge goes from
node i to i+1, the new edge goes from node i to a node j > i+1. This ensures that the grid is never broken.

The transition from the linear chain to the fully reconnected case is smooth, with a transition at about
half the maximum number of possible reconnections. Figure 1 shows the Gini coe�cient of the released energy
distribution, averaged over all 15 random networks sequences, as reconnection number increases in a grid of
50 nodes. By changing the discharge paths, reconnections increase the phase space of possible energy releases,
which makes its distribution less “unequal”.
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Figura 1: Gini coe�cient for the energy release distribution, with load Q = 1 and threshold U = 2
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Introduction

The academic environment is a complex adaptive system formed by di↵erent agents (e.g.: students, pro-

fessors, administrators, etc.) that interact among them with an restricted knowledge about each other. These

agents establish stochastic patterns in their activities that follow similar behaviors than the ones observed in

financial markets. In the same way that individuals in economic relations face trade-o↵s because resources are

limited [1], the agents in an academic institution must decide how to allocate their time disposal to attempt

di↵erent teaching-learning activities according to their own capacities. The study of these social phenomena

can be addressed using the tools employed in econophysics [2]. Keystones to guarantee the quality of the

teaching-learning processes are (i) the quantitative estimations of the number of academic credits (European

ECTS or Chilean SCT), as well as (ii) to understand the existing relationships among di↵erent key perfor-

mance indicators (KPIs). In this research, we start preliminary attempts to capture the empirical behaviors

observed in the practice [3] throughout simple stochastic models inspired on physics.

Figura 1: Results of simulations reproducing some key statistical dependencies [4]: the historical cumulative distri-
bution of final scores (main panel), the learning curves (upper panel) and the evolution of approved/failed
subsets along opportunities (bottom panel).
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Introduction

We propose an extension of the Davies et al. model [1], used to describe the London riots of 2011. This

addition allows us to consider long travel distances in a city for potential rioting population. This is achieved

by introducing public transport networks, which modifies the perceived travel distance between the population

and likely targets. Using this more general formulation, we applied the model to the typical Gri�n and Ford

pattern for population distribution to describe the general features of most large Latin American cities. The

possibility of long-range traveling by part of the general population has, for an immediate consequence, the

existence of isolated spots more prone to su↵er from rioting activity, as they are easier to reach than the

rest of the city. These areas finally made it easier to control the eventual disorder by part of police forces.

The reason for this outcome is that transport networks turn riots into highly localized and intense events.

They are attracting a large police contingent, which will later extinguish the remaining disorder activity on

the rest of the city. Therefore, working transport networks in a city e↵ectively reduces the number of police

force contingent required to control public disorder. This result, we must remark, is valid only if the model

requisites for order forces are satisfied: extra police contingent can be added swiftly as required, and these

forces can move around the city with total freedom.
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Introduction
The digital revolution, artificial intelligence and other developments and innovations have made the basic
sciences, such as physics, highly relevant due to their fundamental nature[1]. The increase in calculation
capacity and the massive generation of information and analysis have brought to light the full potential of
statistical physics in understanding the fundamentals of data-based decision making. Thus, research associated
with data science, machine learning and its applications in task optimization, along with physics and basic
sciences, converge.
Decisions made by academic institutions related to helping students in the teaching-learning process can be
made statistical models-based and data analysis tools, exposing the need for su�cient theoretical foundations
and objective evaluations of the limitations of such models[1].
In addition, the microscopic dynamics of physical systems are reversible in time, but the macroscopic dynamics
do not share this symmetry. For example, you can guess whether a movie is played correctly or in reverse order.
This asymmetry in the flow of events is explained through the second law of thermodynamics. Statistical
physics has extended the understanding of this problem to the microscopic regime, where fluctuations make
it di�cult to discern the direction of the order of events[2].

The problem and results
Here, we develop a quantitative-predictive model for UCN student retention, based on data from the Bachelor
of Physics program with a major in astronomy and the careers of the Faculty of Sciences.
With the use of statistical physics and linear algebra tools, it is evaluated how relevant internal factors
intervene, such as grades per subject, and external factors, such as origin, socio-economic and cultural level
and other data[3] that the UCN has.
To discover the data-incidence in academic performance, we evaluate the pertinence of the logistic regression
technique. We work with data from one year to predict the next year and then improve predictability by
using intervals of more years to predict what is to come.
Our central hypothesis is that it is better to avoid student desertion than find new students for the UCN
system. This hypothesis can be ethic-based as teaching practice-based. Then, for a student not to drop into
a desertion state, we must deeply understand the previous and present features and events that determine
university life. We generate a tool of early alert to evaluate appropriate options of focussing the e↵ort on a
particular student according to its necessity.
The results hope to give relevant information according to the available data on the probability that each
student will drop out or not. Therefore, we expect to contribute to the policy of the UCN related to making
precise decisions to improve the teaching-learning process favouring the academic success of UCN students.
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II International Workshop on Statistical Physics
Antofagasta, Chile, 01-03 de diciembre de 2020 Complex systems

Complexity analysis of GOY shell model via

cumulative entropy

Vı́ctor Fernández1†, Vı́ctor Muñoz1‡
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Introduction
Di Crescenzo et al. (2009) introduced the concept of cumulative entropy, which, unlike Shannon entropy, is
based on the cumulative probability distribution (CDF). We use this method to calculate the cumulative
entropy associated to Gledzer-Yamada-Ohkitani MHD shell model simulations. Development is currently
underway to implement complexity-entropy maps based on the CDF of a time series, which would avoid the
problems associated to binning involved in the calculation of the Shannon entropy.

Development
Shannon entropy of a probability distribution can be estimated directly by knowing the probabilities pi of
each state i. In the case of real time series, pi can be derived from a binning of the possible values, a strategy
that can give a bad estimate of S if the number of intervals is not properly chosen. To overcome this issue,
Di Crescenzo et al. proposed an entropy based on the cumulative probability distribution (CDF), defined as

CE = �
Z 1

0
F (x) lnF (x) dx , (1)

where F (x) is the cumulative distribution function of a non-negative random variable X. Recently [3], the
fractality of a magnetohydrodynamic turbulance shell model has been studied. In particular, the GOY-type
shell model described by the evolution equations for the velocity un(t) and magnetic field bn(t) fluctuations

u̇n=�⌫k2nun + ikn
�
(un+1un+2 � bn+1bn+2)� 1

4 (un�1un+1 � bn�1bn+1)� 1
8 (un�2un�1 � bn�2bn�1)

 ⇤
+ fn,

ḃn=�⌘k2nbn + ikn
1
6 {(un+1bn+2 � bn+1un+2)� (un�1bn+1 � bn�1un+1)� (un�2bn�1 � bn�2un�1)}⇤ + gn.

(2)

corresponding to the eddy’s scale of length l ⇠ k�1
n . Motivated by the present study, the cumulative entropy

of time series associated to the GOY shell model is analyzed, and its dependence on the level of intermittency
(as measured by its fractal dimension) is studied.
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Introduction
The Earth’s magnetic field has dependence both in the time and spatial domains. Also, due to the underlying
physical processes involved, the change of the magnetic field at a given point or at a given instant may
induce variations at other points and/or subsequent times. We propose to study this complex dynamics of
spatiotemporal correlations by means of tools derived from graph theory and complex networks, which have
shown to be useful to describe the behavior of various systems of geophysical interest [1, 2, 3]. In particular, we
intend to study the evolution of magnetic field measurements on the Earth’s surface along the 23rd solar cycle.
Based on records by 59 magnetometers during the 23rd solar cycle (taken from the World Data Center for
Geomagnetism, Kyoto, http://wdc.kugi.kyoto-u.ac.jp/hyplt/index.html), we define a complex network where
nodes are the magnetometers, and their connection is determined by the correlation between their respective
magnetic field time series. Thus, the structure of the complex network is expected to be a representation of
the spatiotemporal patterns of the Earth’s magnetic field.

Methodology

The network is defined by two similarity methods between time series, namely, the Pearson correlation [4, 5]
and event synchronization [6]. Complex networks are built for each year from 1996 to 2008, covering the full
23rd solar cycle. Then, the community structure of each network is analyzed, and some of its basic features
are analyzed along the cycle: the number of communities and the average area covered by the communities.

We find that the community structure, in e↵ect, has information on solar activity. For instance, we find
that the average area of the communities decreases during solar maximum, and is maximum at the start and
end of the solar cycle. This suggests that the community structure of the network may reveal the changes
in correlation length in the magnetic field structure as solar activity evolves. But we also show that results
strongly depend on the choice of similarity methods, and the thresholds involved.
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Introducción
We build monthly complex networks based on solar magnetograms for the 23rd solar cycle. [4] We use

binarization, noise filtering, and image recognition algorithms to determine the sunspots centroids. Results

for sunspots number are consistent with previous works. [6] Then, monthly complex networks are built using

the temporal sequence of the sunspots coordinates, and various metrics are calculated. Some of them correlate,

others anticorrelate, and others do not correlate at all with solar activity. Our results suggest that complex

networks for solar magnetograms, built as described here, contain information on solar activity. [2] The

usefulness of this method for predictions about the next solar maximum occur is currently being investigated.

Desarrollo
We first plot the number of sunspots found as a function of time. This is shown in Fig. 1(a), and is

consistent with previous works. [1,5,6] We now calculate various metrics for the monthly networks, along the

23rd solar cycle. Figure 1(b) shows the average degree, both for the directed networks, and their associated

undirected networks (removing directions of the edges, and self-loops). The average degree closely follows

variations of solar activity. We also calculate the degree distribution for each network, and its decay exponent.

Figure 1(c) shows the evolution of this exponent if an exponential behavior is assumed for the distribution

tail. It also shows the maximum magnetic field registered at each month along the solar cycle. This confirms

that complex networks described in this work contain physical information on solar activity. In general, we

have found that metrics that correlate, and others that anticorrelate with solar activity.

(a) (b) (c)

Figura 1: (a) Sunspots number for the 23rd solar cycle. (b) Average degree, for directed and undirected networks. (c)
(Blue) Decay exponent for degree distribution. (Red) Maximum magnetic field on the solar surface.
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Introduction
General physics plays an important role in the formation of Engineering students. Chilean engineer students

in higher education have at least one course related to Newtonian mechanics, and usually, in their first

year they have an introductory physics course, where converge students with a di↵erent physics background.

Several authors show the freshman performance in Newtonian mechanics [1-8]. In order to measure and

quantify the performance in Newtonian mechanics, The Force Concept Inventory (FCI) [9] is used. This test,

in its original version, is composed of 29 multiple choice questions, split into six items: kinematics, first,

second and third Newton laws, superposition principle, and kinds of force. Each choice of this test is related

to one or more misconceptions probed by the inventory. The administration of this test has been used as

a pre and post-instruction to measure gain learning [10,11] as well as to measure knowledge structures in

physics and problem-solving skills [12,13], that although it is a skill that students must develop, it is also

the understanding of concepts. The question that motivates this study is: A student that takes di↵erent

courses related to Newtonian mechanics along with their curriculum, does it achieve an improvement in the

acquisition of concepts in Newtonian mechanics? Some other authors suggest that learning is easily forgotten

over time [14]. In this study, we compare the acquisition of concepts that engineering students ’ of this study

have in their physics courses related to Newtonian mechanics, along with their curriculum, considering that

the students have more than one course related to this subject.

The problem and results
The misconceptions in newtonian mechanics in freshmen it is been widely studied, however, there is

no literature concerning advanced undergrad students in physics courses. In order to study this gap, we

administered the FCI test in three courses, located in di↵erent semesters, whose main subject is classical

mechanics. The courses are Physics 1, belonging to the first semester, Physics 2, belonging to the second

semester, and Physics 3, belonging to the fourth or fifth semester, according to the career. A total of 600

students answered completely the test, of which, 185 are from Physics 1, 240 from Physics 2, and 175 from

Physics 3 courses. According to Savinainen et al. [14], an FCI score equal to 60% (equivalent to 17.4 points in

the 29 questions version) is the “ entry threshold ” to Newtonian physics, and below this value, the student’s

comprehension of Newtonian physics is not enough, which is the case of the students of this study, as we can

see from figure 1.
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Figura 1: Figure 1. The histogram shows the percentage of answers normalized to the numbers of students in each
course.
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Considering the low performance in the three courses, our goal is to study in deep the specific questions

of the test, where it concentrates on the low results. In order to achieve this goal, we use concentration

analysis [15], which allows us to extract information about the answers ’distributions in the multiple-choice

test. We found that both students in the advanced course as the freshmen presents confusion in velocity

and acceleration concepts, which leads to misunderstanding of second Newton law. Besides, we observe an

aristotelic conception of force i.e it must be acting a force on the body to maintain its motion, otherwise,

there is no motion.
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Abstract

Complexity appears naturally in many fields, and ranges from natural science to social science and beyond.

Understanding the importance of its analysis is ubiquitous to every field and development of modern tech-

niques has made it crucial to understand both its reach and applications in science and society. Take for

instance, written language, which is the representation of spoken language or gestural representation by

means of a symbolic or text system. We may observe repetitive patterns in phrase or sentence formation, but

to take advantage of this intrinsic information we are required to set a higher goal into finding correct ways

to create and deliver information as well as understanding. Therefore, syntax and correctness of sentences

have large consequences in transmitting the message properly and adequately. The content and meaningful

information is remarkably hidden within the pattern construct; simply put, in terms of a wide range of word

combinations. It was first observed by Zipf [1] that frequency of repetition should follow a power law, and

consequently discovering a path into the inherent meaning which may have more avenues into analyzing

written language and its complexity. Here, we have constructed a simple discrimination scheme based on

quantitative measures that arise naturally in most written pieces [2] and from it we calculated a frequency

table from political speeches using Chilean annual national presidential rendition from the past 30 years.
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Introduction
In the research, we focused on some models of chemoreception, from the perfect spherical absorbent, the
use of Weber’s disk, and the development of Berg and Purcell approach, to Zwanzig and Szabo generalized
solution where interference e↵ect and partially absorbing receptors are considered. Afterwards, we extrapolate
Dudko’s solution using a dimensional comparison for rate constant di↵usion to receptors of arbitrary shape
on a spherical cell, and contrast the absorption e↵ectiveness on circular and elliptical chemoreceptors, using
as reference the perfect spherical absorbent. During this process we looked to an important property related
with the structure of chemoreceptors, their geometry. Is there a preferential setting that allows more particles
to be absorbed in an ever smaller area? We found that the elliptical geometry o↵ers a plausible model in
cellular anatomy, a result that could explain the structure variation on chemoreceptors and the observed
physiological changes on cells.

About the nature of cells
It is well known that cells are a fundamental part in the existence of life, a little organic machine capable
of making big things, thanks to which we can breathe, move and reproduce. Not mentioning, that cells are
responsible of the embryogenesis process. In addition to the existentiality of cells it is necessary that they
work correctly, and most of the times, that depends on the cellular intercommunication, a mechanism that
can be reduced into three steps; the reception, transduction and response. By the scope of the research we
concentrate on the first step, the reception of signaling molecules or ligands. These particles carry useful
information to the cells causing them to migrate, reproduce, or even die. A schematic representation of the
cellular intercommunication is shown in Fig. 1.

Figura 1: Schematic representation of the intercellular information exchange sequence. From left to right, receptor-

ligand interaction, transduction (amplification of molecular signals) and specific physiological response,

DNA transcription in the cell nucleus are represented.

Guided by chemical reactions, cells are a complex system that create and dismantle structures, besides making
perfect copies of themselves. This biochemical network could go wrong when tiny mistakes add up until
the machinery gets corrupted, something that could lead into biological disorders, like cancer. Intercellular
communication is as important as the existence of cells, and the interaction receptor-ligand is the very first
part of this process, a phenomenon that can be modeled with di↵usion equations.
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Abstract
The kinetic theory of gases, in which one writes a dynamical equation for the distribution function f(~r,~v, t)
giving the average number of atoms with a given position and velocity, has been extraordinary successful.
Providing only the interatomic cross section, it is possible to solve the Boltzmann kinetic equation to derive
the transport laws and the values of the transport coe�cients, for example, the viscosity. Similarly, for metals,
the semiclassical Lorentz kinetic equation allows to obtain the Ohm’s law and the value of the resistivity in
terms of the quantum cross section of electrons with phonons and defects. Bacterial suspensions has become a
prototype of matter out of equilibrium, where energy is supplied and dissipated at the particle scale. Indeed,
each swimmer moves in the fluid balancing the thrust provided by its flagella with the viscous drag. In the
past years, a systematic e↵ort has resulted in the construction of kinetic equations to describe the motion of
bacterial suspensions. Here, the object of study is the distribution function f(~r, n̂, t), giving the number of
bacteria at position ~r, swimming along the director n̂ at time t. These kinetic equations have streaming terms,
associated to the free swim at speed ~V = V n̂, Boltzmann-like terms for the mutual alignment that result from
collisions, and a Lorentz-like term for the tumbling process, in which a new director n̂0 is chosen at random.
Also, rotational di↵usion changes continuously the director, process that is modeled with a Fokker-Planck
term in the kinetic equation. Finally, bacteria also interact hydrodynamically, through the flows generated
by their flagella. These interactions are long-ranged, allowing to treat them in a mean field approach with a
Vlasov-like term in the kinetic equation. Using standard and ad-hoc methods, we have analyzed the collective
properties of bacterial suspensions using a kinetic approach. In particular, we have derived the time it takes to
reach the di↵usive regime and computed the associated di↵usion coe�cient, obtained the active contribution
to the stress, analyzed the spatio-temporal chemotactic response, and showed that for E. coli, the tumbling
rate is not constant, but rather presents large fluctuations, allowing swimmers to easily contaminate narrow
channels.
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Figura 1: Bacterial wake that results from the chemotactic response to a traveling wave of nutrients concentrated in
the black dot.
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Introduction
Complex networks are a useful tool to study various nonlinear systems, and their application to the

analysis of time series is interesting, since time series are the basic input that we have to study nature. The
(horizontal) visibility graph (VG/HVG) method [1, 2] is one proposal to build complex networks from time
series, and recently [3], we have used it to study the light curves of pulsating variable stars (Cepheids, � Scuti,
and RR Lyrae stars), investigating the method’s ability to discriminate between them.

However, datasets may be of di↵erent lengths. Second, although all studied stars have oscillatory light
curves, the complex star dynamics introduces various noise levels. And third, light curves are interrupted by
observational gaps, due to geometrical or instrumental constraints.

This may a↵ect the results of a VG analysis, and its discriminating capabilities. Thus, in this work, we
use the (horizontal) visibility graph method to build graphs from artificial time series. Inspired by the issues
mentioned above, we focus on sinusoidal time series of various frequencies, and studying the robustness of
various complex networks metrics under modification of the time series. First, we study the e↵ect of the
length of the time series. Then, we consider sine series polluted with two types of noise: gaussian and chaotic.
And finally we study the e↵ect of gaps in the time series.

Results

For the various time series, we studied its degree distribution, clustering coe�cient, and transitivity
coe�cient. We find that metrics depend very weakly on time series length. Regarding noise, we also observed
that metrics are not too sensitive to it, except for the degree distribution, where a small noise level is enough
to modify the degree distribution (Fig. 1). Finally, we find that the (H)VG method is hardly a↵ected by gaps,
making it an interesting technique to study time series where observational gaps are unavoidable, as is the
case of stars observations. This is consistent with the results already found in Ref. [3].

Figura 1: Degree distribution for pure sine series (blue), polluted with di↵erent amounts of gaussian noise (pink) and
pure gaussian noise (red).
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1Universidad Católica del Norte, Antofagasta, Chile
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Summary
The present work studies the parameters of the Weibull distribution model, showing the usefulness of the
statistical complexity measure provided by Ricardo López-Ruiz, Héctor Mancini and Xavier Calbet in areas
related to the survival of the parametric Weibull distribution, With which it is necessary to obtain an
expression of the survival probability, in this way to obtain di↵erent analytical expressions that will be
analyzed and the analytical scope of the resulting expressions will be observed. The relationship between the
Weibull distribution and the irrigation function is e↵ectively described, with which the analytical probability
function of the model is constructed. As a result, the expressions for Shannon’s entropy, Desequilibrium and
LMC Complexity are obtained, where they are analyzed with respect to the scale parameters t0 and in the
form n. It is concluded that the forms of the complexity are proportional to those presented by López-Ruiz
et.al, in addition to identifying a possible transition of the system itself.

Introduction
For several decades di↵erent studies have tried to simulate real processes of living organisms, the di�culties to
approach this type of systems become evident from the point of view of physics, which is that living organisms
are thermodynamically open systems and their organization is complex. due to the network of molecular
interactions, the combination of these characteristics allows these complex systems to show emergent or
self-organized properties [1].
For this reason, it is interesting to analyze the unknown and widely variable behavior, which leads us to ask
how the microscopic particularities could be studied in a macroscopic way? For this, Statistical Mechanics
has sought answers. In particular, Ricardo López-Ruiz, Héctor Mancini and Xavier Calbet contributed a
revolutionary statistical measure, called Statistical Complexity [2]. This has been at the forefront in di↵erent
studies and models, both physical and economy.
In relation to what has been described above, Statistical Complexity could provide structural details in the
study of the Weibull parametric survival function, managing to study the analytical scope of the system.

Results

Figure 1: Statistical measures, Complexity, Entropy and Desequilibrium
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Introduction
Partial di↵erential equations, their solutions, and their applications have been paid attention to in physical

and mathematical phenomena involved in modeling the behavior of several complex systems. For instance,

they are serious candidates for analyzing the growth and spread of special populations. These nonlinear

evolution equations are applied in fields such as ecology and archaeology; mainly, nonlinear di↵usion terms

were used in pioneering work in the field of astrobiology [1]. In addition, these equations have been turned into

a widely applicable tool that has provided valuable insights in statistical physics, nonlinear optics, quantitative

biology, and finance, among other areas. A family of these equations often permits analytical solutions to

exhibit a maximum q-entropy form. Under proper simple constraints, such solutions play a prominent role

in novel applications of evolution equations involving nonlinear, power-law di↵usion.

Basic equation and solutions
We take a function W = W (x, t) which represents the evolution of a population distributed in a space x and

fulfills the following equation

@W

@t
=

@

@x
D(W )

@W

@x
+ rW � µ̄Wm,

where D(W ) = Wm/(m + 1), and , r and µ̄ are the di↵usion, reproduction and competition parameters,

respectively. Choosing n = 1�m = q, we obtain the solution

W =

✓
A(t)� (1� q)

(x� y(t))2

4S(t)

◆ 1
1�q

,

which produces a set of motion equations for the variables y(t), A(t) and S(t), whose interpretation related

to the distribution is: the amplitude A(t)1�q
, the width

p
A(t)S(t) and the maximum y(t).

Applications and results
It is well-known from laser-annealing experiments on planar surface layers of silicon and germanium using

nanosecond synchrotron x-ray pulses as heat enters the sample. On the baseline of our motivation, we can

put in the heat equation to get the temperature distribution W represents the temperature T taking a

nonconstant heat conductivity, as D / T�1,23
[2]. We obtain a temperature profile that evolves more slowly

than predicted by standard theories based on Fourier law.

In addition, we propose an analitycal methodology to understand the macroeconomical evolution of per

capita income in countries where there are social outbreaks. Certainly, this is a problem that has political,

psychological, economic, ideological, and other implicates. In our model, beyond any ideological or59subjective

consideration, we consider the increase of the Gross domestic products (GDP) that competes in an extended

nonlinear di↵usion reaction equation with the Consumer price index (CPI)[3]. According to our results, the

concavity of employee income distribution is a decisive input parameter and, in contrast to the distributions

typically observed for Chile and other countries in Latin America, should ideally be non-negative.
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Introduction

We present a quantitative study of some online courses developed during COVID19 sanitary emergency in
Chile. Our interest is focussed on the rebuilding of teaching-learning processes (see Figure 1) considering the
activity records of digital platforms (e.g.: Zoom, YouTube, Moodle) in order to answer the question How do our

students study? The analysis evidences the complex adaptive character of the academic environment, which
exhibits statistical patters fully similar to the ones found in financial markets [1,2] (e.g.: distributions of the
daily time devoted to learning activities follows patterns like Pareto’s or Zipf’s laws). Our empirical results
demonstrate both (i) the relevance of econophysics in the understanding of the teaching-learning processes

and (ii) the relevant role of quantitative methods based on digital platforms to conduct experimental studies
within this multidisciplinary scenario.

Figure 1: Rebuilding of the daily time devoted to learning activities by a group of students that follows the online
course Newtonian Mechanics via digital platforms.
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Introduction
The study of social systems has become an important topic in complex systems that sometimes is also
called Sociophysics. Several features are studied, such as consensus and polarization in social groups. The
polarization of opinions related to a controversial issue in a social group of N individuals is analyzed. The
study is based on a discrete-time model of opinion formation similar to the one studied in [1] and [2]. This
model considers that the opinion of each individual evolves influenced by both its own opinion and the
other individuals’ opinion who are members of the same social group or network (friends or acquaintances),
which is characterized by an adjacency matrix. The state of the opinion of each individual takes continuous
values in the interval [0, 1]. The initial opinion of each individual is randomly chosen considering a Gaussian
distribution with a mean value of 0.5.

The problem and results
As a starting point, we consider a social network model similar to the one proposed by [1], which is based on
a discrete evolution. The network consists of N individuals (agents), each of which has a state variable.

Sj (t+ 1) =
Sj (t) +

P
i aijSi (t)

1 +
P

i aij
,with , j = 1, 2, ..., N , (1)

where Sj(t) is the opinion state at time t and Sj(t) 2 [0, 1]. The adjacency matrix aij represents the network
of acquaintances and friends of the individual j.

For the study of polarization, we introduce an index similar to that used in [3] based on the number of
individuals who acquire extreme opinions, i.e., intransigents [4], concerning the total number of individuals
in the social group. This index is defined as:

R% = (1� 2 (0,5�min {fp, fn})) ⇤ 100 , (2)

where fp and fn are the fractions of individuals who have an extreme opinion, belong to a threshold number
near to one or zero.

The results for the polarization index R% were obtained for di↵erent fractions of susceptible individuals
and several average degrees of free scale networks, as shown in Fig. 1.
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Figura 1: Polarization index as a function of the fraction of susceptible individuals, varying the number of individuals
in the network and considering the average degree of a scale-free network.
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Introduction
Millions of people around the world die suddenly every year. Sudden death is the consequence of a final
arrhythmia, which may be produced by a wide variety of di↵erent electrical and mechanical substrates. Among
others, it can be mentioned an acute myocardial infarction, myocarditis, coronary diseases, cardiomyopathies,
syndromes such as a repolarization of the heart after a heartbeat -known as LQTS-, Brugada and Wolf
Parkinson White, or drug toxicity. However, the most important aspect related to this disease is that some
people have no evident clinical predisposition. Thus, the aim of this paper is to present a novel study that
may provide important clues to the pathogenesis of the sudden death syndrome (SDS).

Since the information content in the time series from an ECG signal is conveyed in the form of a probability
distribution function, in such a way the Permutation Entropy proposed by Bandt and Pompe is applied to
calculate it, because it has a remarkable conceptual simplicity, computational speed and robustness to noise.

In previous studies, a new approach was proposed based on the individualized computation of the embed-
ding time delay ⌧ for each ECG signal. Then, the normalized Shannon entropy and the statistical complexity
measure defined by the Jensen-Shannon divergence were calculated from a database containing ECG records
coming from people with normal sinus rhythm and other cardiac pathologies such as arrhythmias. A feature
set formed by these three variables was used in a classification model applying the random forest technique
that made it possible to discriminate both groups of patients.

The main goal of the present work is to formulate a model based on indicators from the analysis of the
evolution of these variables along the time in 24 hour holter’s ECG recordings coming from people who are
supposed to die suddenly. In this way, the relevance of this study is to describe and point out potential
behaviors or characteristics that can be used to make a premature detection of the SDS.

The ECG records used in this study were obtained from the MIT-PhysioNet database which is available at
https://physionet.org/content/sddb/1.0.0/. The signals were windowed through a time segmentation
of non-overlapping partitions of di↵erent lengths to analyze the influence of the amount of samples under
consideration. The obtained results have shown a concurrent variation of the information measures used with
the emergence of atypical patterns that are clearly identified in the ECG signals.

On one hand, the values of the statistical complexity measure for reported ECG with possible SDS were
bigger than those of the normal sinus rhythm group, and it is vice-versa for the Shannon entropy values. The
behavior of the time embedding delay parameter along the time agreed exactly with the manifestations of
both, the Shannon entropy and the statistical complexity measure changes which accompanied the anomalous
shapes of the ECG signals. Moreover, the values of ⌧ obtained remained in the range reported by the available
literature. In this sense, these results are coincident with the obtained from ECG with arrhythmic records. The
variation of the ⌧ values when an anomaly arises in the ECG, would indicate a temporal lack of correlation
of the signal, becoming an aspect that could contribute to characterize the syndrome under study.
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Introduction
Radioactive Particle Tracking (RPT) data enabled the experimental stability analysis of freely moving particle
trajectories within pilot-scale fluidization equipment, operated as fluidized beds, which are di�cult to obtain
otherwise [1]. From the analysis of RPT trajectory manifolds, a normalized form of Shannon entropy arises
as a useful statistic to study the homogeneity, mixing, and stability of the fluidized particles.

Methodology

We study the motion of fluidized calcium alginate spheres under the influence of an upward fluid flow within
a 1,2m high and 0,1m inner diameter column. The radioactive particle tracking technique is a proper metho-
dology to study the internal dynamics of these kinds of equipment. Two modes of fluidization were considered
in this work [2]:

Liquid–solid fluidized bed (LSFB), where the solid phase motion is driven with the liquid flowing upward. In
this case, there is no gas flow.
Gas–liquid–solid fluidized bed (GLSFB), where the liquid and the particulate solid phase are contained in
the column while the gas flows upward.

Results and discussion

Normalized Shannon entropy (⌦) time evolution resulted an excellent tool for the quantitative determination
of mixing times [2] and stability [3]:

⌦(t) = �
PN

n=1 pn(t) log(pn(t))

log(N)
(1)

Axial profiles of mixing times in the GLSFB point to a sharp minimum at 0,15m, interpreted as a hot spot
of turbulence. On the other hand, the LSFB shows a smoother axial profile of mixing times. Mixing times
are remarkably similar in order of magnitude, pointing out that convergence to stability is a major driver
of mixing. Additionally, the Glansdor↵–Prigogine stability measure [3] can accurately capture flow regime
transitions of the gas–liquid–solid fluidized bed, allowing it to be used to construct reliable operative windows
for fluidization equipment.
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Introduction
The presented method in this work is based on the functioning of microrheometry and it is able to determine

the viscosity of a fluid using the fluid-air interface dynamics driven by hydrostatic pressure, inside a rectan-

gular microchannel. First, we worked at a constant velocity regime, where the viscosity of four newtonian

fluids were characterized: water, ethylene-glycol, 50% glycerol and blood plasma. This method was able to

accurately characterize the viscosity of all fluids but the ethylene glycol, where a discrepancy of more than

20% was found when comparing to values of other studies cited in this work. Then, we applied this method

to blood samples of 45% and 35% hematocrit, at the same velocity regime and we were capable of calculate

the viscosity of these samples and the method was able to distinguish blood concentrations with di↵erent

hematocrits. Finally, this method was applied in variable velocity regime, where it was possible to characte-

rize the viscosity of the water, at di↵erent positions of the microchannel, obtaining a good correlation with

a theorical model simulation.

Results
A solution for the Stokes equation [1] is the Couette flow, which yields a relationship between the fluid’s

viscosity, its stress and shear rate as

⌘ = ��̇�1
(1)

Now lets consider a coupled system consisting of a tube of radius r and length lt connected to microchannel

of width w and height b. The viscosity of a newtonian fluid flowing through the microchannel, driven by a

pressure di↵erence �P , can be expressed as [2]

⌘ =
�P"

8ltbw

⇡r4
+

12x(t)

b2
�
1� 0,63 b

w

�
#
ẋ(t)

. (2)

Whilst for non newtonian fluids, we can use a power-law model, also known as the Ostwald-de Waele model

given by [3]

⌘(�̇) = m�̇�1, (3)

where m corresponds to the value of viscosity at �̇ = 1.

The mean velocity of the fluids front was obtained by recording its motion through the microchannel at a

fixed height.
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Introducción
Aggregation of red blood cells is the tendency of cells to form stacked structures, commonly known as
rouleaux. The formation of these structures is related to macromolecules present in plasma (i.e. fibrinogen
and dextran) [1]. These structures have several characteristics such as, the number of red blood cells per
rouleau is variable and side to side formations are possible. Figure 1 shows an image of a large aggregate
formation in a blood sample of 38% hematocrit, where some of these characteristics are observed.

On the other hand, erythrocyte sedimentation occurs due to di↵erences in the specific gravity between
red blood cells and blood plasma, and it can be separated in 3 stages. The first stage is the aggregation of
red blood cells. The second stage is the sinking of the aggregates at constant speed, due to their densities.
The final stage is the settling of the aggregates at the bottom of the tube [2]. Therefore, sedimentation rate
is directly related to red blood cells aggregation. Furthermore, red blood cells aggregation is a phenomenon
with considerable hemodynamic and hemorheological consequences.

Figura 1: The image shows red blood cells aggregates, of a blood sample at 38% hematocrit, on a glass slide. The
image was taken with a 50X magnitude ocular

It is widely known that blood is a non-Newtonian fluid, specifically it presents a shear thinning behavior,
meaning that, its viscosity decreases as stress or shear rate increase. This particular behavior of blood depends
on the characteristics of RBCs: concentration, aggregation and RBC’s deformability [3]. When RBCs are
aggregated more stress is needed to move the fluid, but as stress increases all RBCs start to disaggregate
making it easier to change the state of motion of blood. If we keep increasing the stress, cells start to deform
and elongate. Therefore, if aggregation is increased then blood viscosity is increased as well, moreover, the
shear thinning behavior of blood is altered [4].

The relation between red blood cells aggregation and blood viscosity with pathological conditions has
been widely reported. Some related to inflammatory processes as allergic disorder and rheumatoid diseases
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or other diseases such as circulatory disorders, obesity and diabetes. Rheumatic diseases are among the
most common examples of clinical conditions with enhanced red blood cells aggregation due to chronic
inflammation, moreover, ESR values are significant markers for clinical evaluation of these diseases [5].

We postulate that since fibrinogen concentration is increased in some inflammatory diseases, the increased
concentration will a↵ect not only the result of ERS but the dynamics of rouleaux formation and the viscosity
of blood. Therefore, comparing the dynamic of RBCs aggregation with ERS results, for healthy and unhealthy
blood samples, we can determine an indicator parameter of inflammation. Moreover, we attempt to determine
a factor that may lead us to describe the aggregation process using self-assembly models and to propose an
automatized method to analyzed aggregation that could be incorporated to perform fast clinical diagnostics.

We propose the development of an alternative method for clinical markers of inflammatory diseases,
analyzing the dynamic of RBCs aggregation and the rheological parameters of blood. We attempt to reduce
the analysis time and use a small amount of sample by means of microfluidics technology and image analysis
techniques.
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Introduction
Aggregation is a characteristic of red blood cells (RBCs), which consists in the tendency of red blood cells to
form organized stacked structures named rouleaux. This process is reversible such that aggregates will reform
at stasis upon the removal of external forces [1].In addition, the in vivo flow dynamics and flow resistance of
blood are influenced by RBCs aggregation. Abnormal increases of RBCs aggregation have been observed in
several diseases associated with vascular disorders as diabetes mellitus or hypertension [2].
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Introduction
This work describes the percolation phenomena[1] in di↵erent structures through deep neural networks[2]

and previously calculated statistical data of percolation. The percolation phenomenon refers to the movement
and filtering of fluids through porous materials. Despite being relatively simple and easy to calculate at small
scales, the percolation process is computationally time-consuming at large scales. Significant computation is
necessary to determine if a cluster percolates or not at large scales. In order to address this challenge, we
propose to train deep neural networks on small systems and scale to large systems. The figure shows two
di↵erent cases with a structure described by black and white pixels –black blockss the fluid and white allows
it–, here the fluid moves through this structure by percolation. The figure shows that even when the structures
may appear similar, percolation is present only in one case. The left case does not percolate because the fluid
can not move down the structure; otherwise, the right side shows a complete percolation from top to bottom.

Using convolutional neural networks[3] to study an image, we are able to determine if some medium
percolates or with what probability it can percolate. The usefulness of this method is that we can train
our neural network by simulating our media and port it to new systems and potentially obtain valuable
predictions. Our results could already be applicable to use cases in real life[4], such as fire spreading throughout
a forest, detecting structural flaws in concrete or classification of thunderstorm patterns with just a picture.

Acknowledgment
The authors acknowledge financial support from Proyecto Interno DI-13-20/REG (UNAB). SD also acknow-
ledges funding from ANID FONDECYT 1171127 grant, and ANID PIA ACT172101 grant. Computational
work was supported by the supercomputing infrastructures of the NLHPC (ECM-02), and FENIX (UNAB).

References
[1] D. Stau↵er, A. Aharony, Introduction to Percolation Theory, second revised ed., Taylor & Francis, 2003.
[2] E. Arısoy, T. Sainath, B. Kingsbury, B. Ramabhadran, Deep Neural Network Language Models., IBM
T.J. Watson Research Center, 2012.
[3] Kim P. (2017) Convolutional Neural Network. In: MATLAB Deep Learning. Apress, Berkeley, CA.
https://doi.org/10.1007/978-1-4842-2845-6 6
[4] G. Caldarelli, Percolation in real Wildfires., EPL 56 510, 2001



II International Workshop on Statistical Physics
Antofagasta, Chile, December 1st to 3rd, 2021 Interdisciplinary Research

Inference for Unreliable Grading:
The Case of Recommendation Letters

Sergio Davis1,2
⇤
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Introduction

Frequently the use of a well-established criteria to determine the reliance in a assigned score is an extremely
complex issue. We present in this work a procedure to found the distribution to be assigned to a score t,
with t 2 [0, 1] using Bayesian inference. To set t, we assume a resolution �t to assign a a score of t⇤, so that
t 2 [t⇤ � �t/2, t⇤ + �t/2] with a confidence p. By the use of Jaynes’ Maximum Entropy Principle[1] and
several techniques from statistical inference[2], we propose a detailed procedure to determine the expected
value

⌦
t
↵
and its underlying distribution.

We start by assuming a Beta distribution for t and reframe the problem as the search for ↵ and �, such that

Z t⇤+�t
2

t⇤��t
2

dt · t↵�1 (1� t)��1 = p ·B(↵,�) (1)

with the (↵,�) pairs that maximize the entropy St(↵,�) = log(B(↵,�))� (↵� 1) (↵)� (� � 1) (�) + (↵+
� � 2) (↵+ �), with  (Z) = d

dZ log�(Z) the digamma function. Using Lagrange multipliers we are able to
determine an expected value of t, and found the (↵,�) parameters of the model.

The Figure shows the results provided by numer-
ical solution for the case of an initial t of 5 with
a �t = 0.5. Here the ↵ and � estimations corre-
sponds to the value of p closest to the expected
probability.

Our results provide the best parameters based
in a confidence p in, for instance, a recommenda-
tion letter. By developing this method we are able
to narrow down and better represent our score in
the letters.
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Universidad Bernardo O’Higgins, Santiago, Chile.

5Faculty of Medicine, Universidad de Chile, PO Box 70031, Santiago, Chile.
6Biomedical Neuroscience Institute, Independencia 1027, Santiago, Chile.

⇤rsoto@dfi.uchile.cl

Abstract
The morphological changes in the early embryo development, which finally lead to the generation of organs,

is in many cases driven by constriction forces in cells. These forces, acting on single or group of cells pull

neighboring cells, reshaping the whole tissue. Here, we analyze the response of epithelial tissues to changes

in the active stresses in two limiting cases: a) when whole tissue (or large part of it) is subject to an

homogeneous contraction and b) when only one cell contracts. For the analysis, we use the 2D vertex model

of epithelia, where the vertices move such that cells approach target areas and perimeters. Active contractions

are included in the model as instantaneous changes in these target values, generating active stresses. For the

global activities, it is found that for a wide range of model parameter, the tissue as a whole becomes unstable

in the form of soft model, where first cells elongate to later become non-convex [1]. In the case of a single active

cell, the system responds quite di↵erently depending if the activity is in the perimeter or in the area. In the

first case, the active cells contract appreciably, adopting circular shapes, while in the later, the contraction is

weaker and the cells elongate. This di↵erence in geometry allowed us to apply the model to determine where

the activity was present in experiments performed in the killifish Austrolebias nigripinnis, where isolated

cells contact. The geometrical evolution is accessible by microscopy and this information alone allowed us to

determine that the perimeter was the active one and to fit all the parameters of the vertex model [2].
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Figura 1: A) Temporal progression of epithelial cell shape changes of Austrolebias nigripinnis from 48 to 59 hpf.
Epithelial polygonal EVL cells are denoted in green and those with notable constriction through the timescale
considered are shown in red. B) Temporal evolution of cell shape changes referring to cell area A, change
of anisotropy Q and perimeter P that characterise the constriction in the cell marked by a black arrow in
A). C) Representative confocal microscopy images of a single EVL cell (in orange) su↵ering a transient
event of apical constriction. The duration of the complete image sequence of cell shape changes is 3h.
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Introduction

Bayesian probability [1, 2] considers probabilities as degrees of plausibility that must be updated according
to newly available information or evidence. In the standard application of this theory, the possible side e↵ects
that an act of measurement can have are not considered and, because of this, the results of the updating are
not dependent on the ordering of two such measurements. However, the need for a Bayesian theory of non-
commutative measurements arises in di↵erent contexts, from the analysis of physical experiments where the
diagnostic equipment cannot be easily decoupled from the phenomenon of interest, destructive measurements
in several contexts, to the understanding of the influences that a question may have on following questions
in the context of social studies.

In this work we present a simple proposal for the application of the standard Bayesian probability theory
to non-commutative measurements on a generic system, physical or otherwise. We show that the resulting
formalism can be cast in an abstract way which is surprisingly close to quantum theory, together with a
complex Hilbert space, linear operators representing measurements and an epistemic density operator that
does not represent a physical entity but encodes a state of knowledge, in a similar manner as the so-called
Quantum Bayesianism [3] (or QBism) interpretation of quantum mechanics.

Our results may be relevant to the understanding of some phenomena in human cognition where the
mental state changes as a result of previous judgements [4], as well as shed light on the origin of quantum-like
phenomena at macroscopic scales [5, 6] and even serve as a basis for the modelling of the e↵ect of probe
diagnostics in non-equilibrium experiments [7].
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In this work, we report the existence of tricorn-like structures of stable periodic orbits in the parameter
plane of the Lorenz-84 low-order atmospheric circulation model [1].These tricorns appear inside tongue-like
structures that born through simple Shi’lnikov bifurcations [2,3].As we increase the coefficient b of the model,
these tongues invade the background zone where a fixed point attractor “lives” [Fig. 1(a)] and extends over
the zone of stable orbits of period-1 [Fig. 1(b)]. We give a detailed description of the birth of these tricorn-like
structures [Fig. 1(a)-(d)], as a consequence of a foliation of the parameter space [Fig. 1(a)] that provokes a rich
dynamics of overlap of parameter planes that produces an abundant multistability (see basins of attractors
at Fig. 1(e)). As the third parameter b increases the tricorn exhibits a codimension-3 phenomenon rotating
in clockwise and anti-clockwise directions in the plane of the symmetric F vs. the asymmetric G thermal
forcing parameters (see Fig. 1(c) and (d)).
Tricorns were reported in cubic maps by J. Milnor [4].and recently in a semiconductor laser model [5],but
as far as we know it is the first time that they appear in the Lorenz-84 model. The numerical evidence
presented here, confirm the isomorphism between bifurcations in fluids and lasers formally demonstrated by
Haken [6],and also motivates the study of mathematical conditions for their genesis [2].Our results also open
new possibilities to assess experimentally the onset of intransivity and the significance of several different
climate scenarios due to the birth of these structures.
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Figure 1: First row: Global view of (F,G)-plane showing the invasion of tongue-like structures. Second row: process
of formation and rotation of a tricorn-like structure. Basins showing the coexistence of periodic and chaotic
attractors at point B1 (left).
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Abstrac
In this research, we propose a numeric model to simulate the dynamics of a microrheology front in the

presence of a spatial imperfection. Using a �4
model with a localized force F (x, y), we model a fluid-air

interface moving inside a microchannel with a localized roughness at the wall. Numerical simulation shows

that the front begins to oscillate once it reaches the imperfection and the oscillation amplitude decays with

time. The oscillation regime depends on the speed with which the front impact the defect.

Method
The system is described by the equation

@ttu� @xxu+ �@tu(x, t) +
1

2
(u� u3

) = f0 + F (x, y),

with f0 and F (x, y) a constant and a localized force respectively. The form of F (x, y) is

F (x, y) =
1

2
(4B2 � 1)

sinhBx

cosh
3 Bx

e�
y2

�2

Figure 1: Movement of the front for di↵erent initial velocities.
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Introduction
Solitons are typical solutions of nonlinear Schrödinger equation (NLSE); this can be modified by the inclusion
of several terms in order to account for di↵erent physical phenomena regarding a particular physical system
under consideration. We use the model described by a general cubic order forced and parametrically driven
and damped nonlinear Schrödinger equation (cubic-FPDDNLSE) in 1+1 dimensions for a complex amplitude
function of the space-time coordinates, A = A(x, t):

i@tA� �@2
xA+ �|A|2A = (⌫ � iµ)A+ i⌘A⇤�AN0sin

2(Kx);

besides the standard form of the NLSE (if � = 1 and the right side term equals zero) we have a parametrically-
driven and damped term (in blue) and a spatially periodic term (in violet) due to a external potential with
amplitude N0 and frequency K; ⌘ and ⌫ are, respectively, the intensity and detuning frequency parameters of
driving field, while µ is a damped parameter due to energy dissipation. The aim of this research is to study
the triggering of localized and confined chaos in cubic-FPDDNLSE by the joint action of periodic temporal
and spatial external fields.

The problem and results
Numerical simulations in 1 + 1 dimensions, Lagrange and Hamiltonian formulations for continuous fields,
and global analyze for an hyperbolic-secant function A are used to study chaotic solutions [1, 2]. For N0 > 0
the system triggers the chaotic and confined behavior of the soliton that we observe in the simulations as long
as ⌘ > 0. In this sense, we could talk about a sort of interplay of the external both temporal driving field and
spatial periodic potential: The former supports the existence of the soliton against the damping, while the
latter originates its confinement and chaotic behavior, leading to trapped chaotic space-localized structures.
Fig. ?? shows the evolution in space-time map of the amplitude |A| when the spatial field is turn o↵ and
then it is turn on. The confinement e↵ects in 1+2 and 1+3 dimensions are briefly explored considering the
actions of a 2D and a 3D hexagonal spatial fields.

Figure 1: Spatio-temporal map of the amplitude |A| corresponding to the parameters ⌫ = �3, � = 1, � = �1,
K = 0.2, ⌫ = 2.844, and N0 = 1.767 where the external spatial field is turned on only from t = 70; the
dashed lines represent the maxima of this filed and ⇠ = 2Kx/⇡
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Introduction
In the framework of statistical physics, in particular kinetic theory [1,2], the temporal evolution of a pro-
bability density for a Brownian motion is described by a partial di↵erential equation called the di↵usion
equation,

@

@t
P + D

@2

@x2
P = 0, (1)

In this work it is shown how when restricting the classical action of a free particle, the time-dependent
probability function will be governed by the di↵usion equation.
This derivation can be used as a framework to simulate classical dynamical systems by using statistical
techniques such as Monte Carlo Metropolis[3].

The problem and results

To understand the origin of the di↵usion equation from maximum caliber is necessary to use time-dependent
constraints that involves this principle and understand the way for obtaining partial di↵erential equations
which involves the use of the continuity equation[4],

@

@t
P (x|t, I) + @

@x

⇣
P (x|t, I) v(x, t)

⌘
= 0, (2)

and to achieve it, is necessary to obtain the form of the flow speed probability v(y, t),

v(x, t) =

Z
dx̃ P [x̃|I, x, t] ˙̃x . (3)

To solve the form of v(x, t), it is necessary to find the probability functional, which is obtained through
the principle of maximum caliber when free particle action is constrained

P [x̃|I] = 1

Z(�)
exp

⇣
� �

Z tf

t0

dt
m(t)

2
˜̇x2
⌘
, (4)
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Introduction

Self-organized criticality is achieved if a critical point is an attractor of a given dynamical system [1], provided
that criticality is robust to perturbations and therefore independent of particular fine-tuned details in the
dynamics. However, most well-known SOC models are conservative, as in the case of Abelian sandpiles [2]
where the dissipation parameter in the transmission of grains must be zero. Hence, these models are actually
subject to fine-tuning, in the form of a conservation law. Additionally, in any SOC model phase transitions,
and therefore criticality, exist only for zero or very small e↵ective external field [3], which can also be seen as
a form fine-tuning. In models for dissipative systems such as earthquakes, forest fires or neural networks, only
self-organized quasi-criticality (SOqC) holds. In this case, the system performs stochastic oscillations around
the critical point. Several of such models include continuous drive and dissipation, whose dynamics can be
viewed as homeostatic mechanisms which tune the system toward the critical region. In SOqC, there is no
fine-tuning associated with a conservation law. However, homeostatic mechanisms for SOqC introduce tuning
requirements in their parameters [4]. Here, we will discuss this issue in the context of a simple homeostatic
mechanism for SOqC in a neuronal network, which holds even in the presence of external fields. This work
results specially interesting in the context of critical brain hypothesis.
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Introduction
we present a new sequence of structures in the parameter plane denoting regular behavior of a dynamical

system. The sequence mentioned above, shows that contrarily to a tendency of an accumulation point, The

tendency is towards a ring structure as a result of a process in which, coalescent shrimps exhibit a kind of

annihilation of two “shrimps”. We investigate two models of very di↵erent characteristics, one describing

a vertical-cavity surface-emitting laser (VCSEL) subject to orthogonal optical injection, and the other a

population model of cancerous, healthy, and e↵ector cells when ionizing radiation is applied over the ensemble

of cells; a typical situation occurring in a radiotherapy treatment. Despite the huge di↵erences between the

dynamical systems associated to the latter models, both show this phenomenon. Additionally, we detected

the same regular structures in the Hartley’s circuit. Thus, the ubiquity of these structures is remarkable [1].

The problem and results
Using the dynamic equations of each system, we determined the regions in which appear the annihilation

described above. We use both periodicities and largest Lyapunov exponents for the dynamical description of

the studied systems. As a glimpse, we show in Fig. 1, the sequence giving rise to a regular ring structure as

a result of the “shrimps” annihilation for the VCSEL model described in [2].
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Figura 1: Parameter plane �! vs. Einj for the variable Eyk of the VCSEL model given by Eq. (1) in terms of (a)

periodicities (number of isospikes), and (b) Largest Lyapunov exponents. Note that both diagrams permit

to identify the regions of regular and chaotic behavior.

Acknowledgment
GMRA thanks DAAD’s support via the Re-invitation Programme. The numerical computations were made

using the PIK-Potsdam cluster.

References
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[3] G.M. Ramı́rez-Ávila, Rev. Bol. Fis. 31, 25 (2017); W.A. Canezo-Gómez, G. Rodrigo & G.M. Ramı́rez-
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Introduction
The proposed work deals with the dynamical instability of a system of coupled anharmonic oscillators of the
type �-FPU Hamiltonian [1]:

H =
NX

i=1

(pi
2 + q

2
i ) +

1

4
�(qi+1 � qi)

4 (1)

with periodic condition qN+1 = q1 considering the geodynamic formalism [2]. According to this approach,
once an appropriate metric gij is defined, the configuration space M of a system with Lagrangian coordinates
(q1, q2, ..., qN ) becomes a Rimmanian manifold. In such space, given a set of initial conditions, the natural
motions of the system are geodesic flows x

µ(s, ⌧) on M . This allows us to study the stability of the system
by means of the Jacobi-Levi-Civita equation for geodesic spread:

r2
⇠
i

ds2
+R

i
jkl

dq
j

ds
⇠
k dq

l

ds
= 0. (2)

Here, Ri
jkl are the components of the curvature tensor, while ⇠

µ(s, ⌧) is the geodesic separation vector from
a reference geodesic ⌧ = 0, given by

⇠
µ(s, ⌧) =


@x

µ(s, ⌧)

@⌧

�

⌧=0

. (3)

As discussed elsewhere, the chaotic instability regimes are found by (i) the scatter of xµ(s, ⌧) due to negative
curvature (either Scalar or Ricci curvature) on M , and (ii) by oscillations of the Ricci curvature along the
geodesics so that parametric resonance makes them unstable also in regions of positive curvature [3]. Our
interest is focused on the possible extension within this geometry formalism of the notion of Komolgorov-Sinai
entropy and related results like Pesin’s theorem concerning the sum of positive Lyapunov exponents [4]. For
the same of convenience, we shall restrict here to a preliminary study of a low dimensional system (1) with
N = 3, which is su�cient for our purposes.
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3Facultad de Ciencias y Tecnoloǵıa, Universidad Mayor de San Simón, Cochabamba, Bolivia
⇤ patricio.alvear@alumnos.ucn.cl, †ctorrico@ucb.edu.bo ⇧scurilef@ucn.cl

In this work, we report phase diagrams detailing the intransitivity as observed in the climate scenarios

supported by a prototype atmospheric general circulation model, namely, the Lorenz-84 low-order model [1].

The first mechanism of multistability is the born of tongue-like structures due to simple Shil’nikov bifurcations

[2], that invade the background region of a fixed point, FP-attractor. As generally believed, in the Lorenz-84

model the saddle-node bifurcation, SN-curve in Fig. 1(b), always takes place on a periodic orbit [3]. (This is

also known as Adler’s locking mechanism.) But, it has been recently shown that this does not happen along

the whole of the curve SN [3]. As is also shown in Fig. 1(b) there are special points A1 and A2 where a

homoclinic bifurcation curve touches SN (codimensiontwo saddle-node homoclinic points), giving rise to the

formation of what has been called homoclinic tooth [3], inside which the homoclinic orbit bifurcates into an

attracting periodic orbit that “lives” inside the tongue-like structure [Fig. 1(b)].

Bifurcation analysis of the parameter (F,G)-plane, through Lyapunov exponents scans [Figs. 1(a)-(b)] and

the computation of basins [Fig. 1(c)], allows the identification of a remarkably wide parameter region where

up to four climates coexist simultaneously [see a projection of four orbits on the (x,z)-plane in Fig. 1(d)]. As

the coe�ccient b of the Lorenz-84 model is increased, successive new tongue-like structures born along de

SN bifurcation curve and invade the fixed point region [Fig. 1(a)], creating a rich scenario of multistability.

Thus, in addition to the familiar sensitive dependence on initial conditions, the final climate (attractor) may

depend crucially on the subtle and minute tuning of parameters [4]. This strong parameter sensitivity makes

the Lorenz-84 model a promising candidate of testing ground to validate techniques of assessing the sensitivity

of low-order models to perturbations of parameters.

Figura 1: First row: Global view of (F,G)-plane showing the birth of tongue-like structures along the saddle-node, SN
bifurcation curve. Second row: (b) Enlargement of the tongue-like structure inside the box of the global view
above. (c) basins of attraction at point B1 (left). (d) Projection of the orbits of four coexisting attractors
at point B1 (left), on the phase plane-(x,z).

We would like to thank to the NEITOR-UMSS cluster located in Cochabamba, Bolivia the “Núcleo de Inves-
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Introduction
A well-known model for the study of pattern formation and its dynamics is the parametrically driven

nonlinear Schrodinger (pndlS) equation. In particular, this equation can describe the envelope of Faraday
waves at a certain region of parameters1. The equation reads as

@t = �(µ+ i⌫) � i↵@xx � i| |2 + � ⇤ (1)

which is written in dimensionless form. For the pattern formation, the drive injection must overcome the
energy dissipation, which is reflected on the amplitude equation as the condition � > µ.
Recently it has been pointed out that under spatially heterogeneous forcing profiles, in particular over Gaus-
sian pro

files �(x), induce pattern envelopes given by the Gauss-Hermite polynomials2. Experiments on pat-
tern formation at the water surface under heterogeneous forcing has shown correspondence with theoretical
predictions2,3.

Experimental Results
This talk will give an insight into the appearance of di↵erent phenomena related to the increase of the
Gaussian injection amplitude of an experimental water system. In this region, non-linear e↵ects get more
relevant in the system description. Two clear regions are identified at di↵erent thresholds. The first one
evidences a unidirectional drift, characterized by an increasing velocity related to amplitude growth. These
results were previously predicted theoretically and numerically, and their behavior is well explained by the
amplitude equation describing the spatial envelope of pndlS.

Other phenomena will be also discussed, the experiment presents other dynamics that seems to not be
captured by the pndlS equation and deserve a future characterization and future theoretical description.

Experimental Setup and Data Management
The experimental setup consist of a rectangular water channel 15 mm long, 490 mm wide and 100 mm
deep, whose bottom has a central soft region 240 mm wide (Shore hardness 00). The assembly rests over a
system of 13 pistons evenly spaced (�x = 16 mm), each of them constrained to vertical motion by two fixed
axial bearings. The pistons are coupled to a brushless motor with feedback (Model No. BLM-N23-50-1000-B)
controlled by computer to set the system’s forcing frequency and amplitude. A VEO-440L Phantom camera
was used for data acquisition, the frames where analysed with standard contour detection techniques.

Acknowledgments

R.R.A acknowledges the financial support of Fondecyt Grant No. 1201434 and PUCV Scholarship for Master
students. Also, the theoretical and numerical work done by the coauthors must be granted.

References

[1] Alexeeva, N. V., Barashenkov, I. V. & Tsironis, G. P. Phys. Rev. Lett. 84, 3053–3056 (2000).
[2] Urra, H.et al. Phys. Rev. E99, 033115 (2019)

[3] L. Gordillo, Ph.D. thesis, Universidad de Chile (2012).

Topic(s): Dynamical Systems



II International Workshop on Statistical Physics
Antofagasta, Chile, December 1-3, 2021 Topic(s): Dynamical systems

Dynamical analysis of massless charged particles

Zui Oporto
1,2⇤

, Gonzalo Marcelo Ramı́rez-Ávila
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Introduction
An extensive list of works is dedicated to understanding the dynamics of point-charged particles (see [1]

for a recent review). Massless charged particles represent a special case of study because of the absence of

experimental evidence in favor of their existence as a fundamental particles, but at the same time because of

its realization as (quasi-)particles in other physical scenarios such as the physics of graphene, just to mention

one example. In this work, we present a dynamical system that describes the behavior of charged particles,

relativistic or not, of arbitrary mass, including massless ones. We will consider some examples to illustrate

the special features of this dynamical system.

The problem and results
Relativistic theories exhibit reparametrization invariance; consequently, its dynamics will be constrained by

an algebraic equation that restricts the space of admissible solutions. Thus, as a dynamical system problem,

we must face the situation of solving a set of first order di↵erential equations while dealing with an algebraic

equation[1]. This work presents a scheme to handle this constrained dynamical system by including the cons-

traint as a di↵erential equation. The aspect mentioned above is due to enlarging the number of independent

degrees of freedom. In addition, we introduce the velocity space–a compact sphere–to track the dynamics

of the charged particles. Figure 1 represents the trajectory–both in the physical as well as in the velocity

space–of a massless charged particle interacting with an extenal electromagnetic field, in fact, of a circular

polarized electromagnetic wave traveling in the z-direction.

Figura 1: (Left) Orbit in physcial space of a massless charged particle in the presence of a circularly polarized elec-

tromagnetic wave. (Right) The corresponding orbit in velocity space.

References
[1] I. Morales, B. Neves, Z. Oporto, and O. Piguet. Behaviour of charged spinning massless particles. Sym-

metry , 10(1):2, (2018).



II International Workshop on Statistical Physics
Antofagasta, Chile, December 1-3, 2021 Topic(s): Dynamical Systems

Multiplicative noise can induce a velocity change of
propagating dissipative solitons

Orazio Descalzi1
⇤
, Carlos Cartes2, Helmut R. Brand2

1 Universidad de los Andes, Chile. Complex Systems Group. Facultad de Ingenieŕıa y Ciencias Aplicadas.
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Introduction
We investigate the influence of spatially homogeneous multiplicative noise on propagating dissipative solitons
(DSs) of the cubic complex Ginzburg-Landau equation stabilized by nonlinear gradient terms. Here we focus
on the nonlinear gradient terms in particular on the influence of the Raman term and the delayed nonlinear
gain. We demonstrate that a fairly small amount of multiplicative noise can lead to a change in the mean
velocity for such systems. The e↵ect can be traced back exclusively to the presence of the stabilizing nonlinear
gradient terms. For a range of parameters we find a velocity change proportional to the noise intensity for
the Raman term as well as for delayed nonlinear gain. We present a straightforward mean field analysis to
capture this simple scaling law. At su�ciently high noise strength the nonlinear gradient stabilized (NLGS)
DSs collapse.
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